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ELEMENTS. 
Of Plain and Spherical 
|TRIGONOMETRY. 


- —_— 


DEFINITIONS. 
HE Buſineſs of Trigonometry is 
to find the Angles, when the Sides 
are given, and the Sides, or the 
Ratio's of the Sides, when the 
Angles are given, and to find 
Sides and Angles, when Sidts 
and Angles are given: In order 
to which, it is neceſſary that not only the Peri- 
2 pheries of Circles, but alſo certain Right Lines 
in and about Circles be ſuppoſed divided into 
ſome determined Number of Parts. | 
And ſo the Aucient Mathematicians thought 
fit to divide the Peripbery of a Circle into 360 


Parts ( which they call Degrees; ) and every 
4A 2 Degree 
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Degree into 60 Minutes, and every Minute into 
60 Seconds: And again, every Second into 60 
Thirds, and ſo on. And every Angle is ſaid to 
he of ſuch a Number of Degrees and Minutes, 
as there are in the Arc meaſuring that Angle. 
There are ſome that would have a Degree 
divided into centeſimal Parts, rather than ſexa- 
geſimal ones: And it would perhaps be more uſe. * 
ful to divide, not only a Degree, but even the 
whole Circle in a decuple Ratio; which Diviſi. 
on may ſome time or other gain Place. Nom, 
if a Circle contain 360 Degrees, a Quadrant 
thereof, which is the Meaſure of a Right Angle, 
will be 9o of thoſe Parts: And if it contains © 
100 Parts, a Luadrant will be 25 of theſe © 


Parts. 


ence thereof from a © uadrant. 


A Chord, or Subtenſe, is a Right Line drawn 


from one End of the Are to the other. 


The Right Sine of any Arc, which alſo is 
commonly called only a Sine, is a Perpendicular: 
falling from one End of an Arc, to the Radius 
down thro the other End of the ſaid Arc. Aud 
7s therefore the Semiſubtenſe of double the Arc, 
viz. DE=ZLDO, and the Arc DO is double 
of the Arc DB. Hence, the Sine of an Arc of 
30 Degrees, is equal to the one half of the Ra. 
dins. For (by 15. El. 4.) the Side of an Hexa. 
gon inſcribed in a Circle, that is, the Subtenſe* * 
of 60 Degrees is equal to the Radius, A Sint * 
divides the Radius into two Segments C E, EB; 
one of which, C E, which is intercepted between 
the Center and the Right Sine, is the Sine Com. 

plement of the Arc D B to a Quadrant, * 4 


The Complement of an Arc is the Differ- | 


ak a . © ” I 
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[CEF D which is the Sine of the Arc D H.) 
and is called the Coſine. The other Segment 
5B E, which is intercepted between the Right 
Sine and the Periphery, is called a Verſed Sine, 
and ſometimes a Sagitta. | 


And if the Right Line CG be produced from 


q the Center C, thro' one End D of the Arc, until 
r meets the Right Line BG, which is perpen. 
* dicular to the Diameter drawn thro the other 


End B of the Arc, then CG is called the Se. 
cant, aud B G the Tangent of the Arc DB. 
The Coſecant and Cotangent of an Arc is the 


* Secant or Tangent of that Arc, which is the 
* Complement of the former Arc to a 2 nadrant. 
Note, As the Chord of an Arc, and of it's Com-. 
* plement to a Circle, is the ſame; ſo likewiſe is 


the Sine, Tangent, and Secant of an Arc the ſame 


2 as the Sine, Tangent, and Secant of the Comple- 


ment to a Semicirele. 

The Sinus Totus is the greateſt Sine, or the 
Sine of 90 Degrees, which is equal to the Ra- 
dins of the Circle. | 

A Trigonometrical Canon zs a Table, which, 
beginning from one Minute, orderly expreſſes the 
Lenzths that every Sine, Tangent, and Secant, 
have in reſpet# of the Radius, which is ſuppo- 
ſed Unity; and tis conceived to be divided into 
10,000,000, or more decimal Parts. And 0 


the Sine, Tangent, or Secant of any Are, —4 


be bad by help of this Table; and contrariwiſe, 
a Sine, T angent, or Secant, being given, we may 


fd the Arc it expreſſes. Take Notice, That 


in the following Tratt, R ſigniſies the Radius, 
S 4 Sine, Coſ. a Coſine, L a Tangent, and Cot. 
a Cotangent, | The 


[# 
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The CoxvsrRucrrox of the Tri- 
gonometrical Canon. 


PROPOSITION I. 


THEOREM. 


7 he two Sides of any Right- angled Triangle 
being given, the other Side is alſo given. 


1 ä 0 R ( by 47 of the firſt Element ) 
S AC = AB AB C q and AC q 


* 
j 


— Y ably ACq—ABq=BCq. 
When ence, > "by the Extraction of the ſquare 


Root, there is given AC=y/ABq+BCq 


and AB=/ ACq—BCq. And BCM 


EROPOSTLIFON II. 
PROBLEM. 


The Sine D E of the Arc DB, and the Radius 
CD, being given, to find the Coſine DF. 


HE Radius C D and the Sine D E, be- 4 
ing given in the Right-angled Triangle 
CD E, there will be given (by the laſt Prop.) 


CE=y CDq—-DEq=z=DE. 


?PROPO. 1] 


2 1 2 1 
— 4 2 bo EG 
— 2 © > * 
"RSS = 
— 20 8 
RE 
> 


Baut the Triangles C 
= angular, becauſe the Angles at E and M are 


Prain TrIGONOMETRY. 


PROPOSITION UL, 
PROBLEM. 


1 The Fine D E of any Are DB being given, f0 


find D Mor B M the Sine of half the Arc. 


DE being given, CE (by the laſt Prop.) 
will be given, and accordingly E B which is 
the Difference between the Coſine and Radi. 
us. Therefore D E, E B, being given in the 
Right-angled Triangle D B E, there will be 
given D B, whoſe half D M. is the Sine of 
the Arc D L=5 the Arc BD. 


PROPOSITION IV. 
PROBLEM. 


The Sine B M of the Arc B L being given, to 
find the Sine of double that Arc. 


T* Sine B M being given, there will 
be given (by 2 2.) the Coſine CM. 
M, D BE, are equi. 


* 


Right Angles, and the Angle at B common. 
W herefore (by 4. 6.) we have CB: C M:: 
B D, or 2 BM: DE. Whence, ſince the 
three firſt Terms of this Analogy are given, 


the fourth alſo, which is the Sine of the Arc 
PD B, will be known, = Yen 


Z Coroll. Hence, CB: 2CM :: BD: 2DE, 


that is, the Radius is to double the oo 
b N 0 


h 


-8 
* 
ba 
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of one half of the Arc D B, as the Sub. 
tenſe of the Arc D B, is to the Subtenſe 
of double that Arc. Alſo CB: 2CM:: 
(2 BM:2DE::) BM: DE:: 32 CB: 
CM. Wherefore the Sine of any Arc, 


and the Sine of it's Double being given, the 


Coſine of the Arc it ſelf is given. 


PROPOSITION V. 


The Sines of two Arcs B D, F D, being given, 
to find FI the Sine of the Sum, as likewiſe 
E L, the Sine of their Difference. 


ET the Radius C D be drawn, and then 
C O is the Coſine of the Arc FD, which 
accordingly is given, and draw O P thro O 
arallel to D K. Alſo let OM, G E, be 
rawn parallel to C B. Then becauſe the 


-Triangles C D K, COP, C HI,. FO H., 
F OM, are equiangular. In the firſt Place, 
. CD: DK : : CO: OP, which Conſequent. 
Iy is known. Alſo we have CD:CK:: 


FO: F M, and ſo likewiſe this ſhall be known, 
But becauſe FO=EO, then will FM = 


MG=ON. AndfoOP+EM=FI=— 


Sine of the Sum of the Arcs: And OP — 


FM, that is, OP—ON=EL —Sine of 
the Difference of the Arcs. W. W. D. 


Coroll. Becauſe the Differences of the Ares 
BE, BD, B F, are equal, the Arc BD ſhall 
N 5 an Arithmetical Mean between the Arcs 


BE. 
PROPO- 


e 


PAIN Taicondwetay: 
| PROPOSITION VI 


The ſame Things being ſuppoſed, Radiat? is to 
double the Cofine of the mean Arc, as the Sine 
of the Difference, to the Difference of the 
Sines of the Extremes. 


OR we have CD: CK:: FO: FM, 
whence by doubling the Cotſequents 


CD: 2CK :: FO: 2 FM, or to FG; 


which is the Difference of the Sines EL, 


FI. W. W. D. 


| Croft. If the Are B D be 60 Degrees, thi 
Difference of the Sines FI, EL, ſhall be 
equal to FO the Sine of the Diſtance. 
For in this Caſe, C K, is the Sine of 30 
Degrees, Double thereof being equal to Ra- 


dius; and fo ſince CD= 2 CK, we ſhall 


have FO=F G. And conſequently, if 
the two Arcs BE, B F, are Equidiſtant 
from the Arc of 60 Degrees, the Difference 
of the Sines ſhall be equal to the Sine * 
the Diſtince FD. 


Cbroll. 2. Hence, if the Sines of at Arcs be 
given, diſtant from one another by a given 
Interval, from the Beginning of a Quadrant 
to 60 Degrees, the other Sines may be 


found by one Addition only. For the Sine 
of 61 Degrees = Sine of 59 Degrees + - 


Sine of 1 Degree. And the Sine oF 62 De- 
grees = Sine of 58 Degrees ＋ Sine of 2 
Degrees. Alſo the Sine of 6; Degrees = 
Sine of 57 ae ns of 3 Degrees, 

and ſo on. roll, 


5 
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Coroll. 3. If the Sines of all Arcs, from the 


Beginning of a Quadrant to any Part of the | 
Quadrant, diſtant from each other, by a gl- 
ven Interval be given, thence we may find 
the Sines of all Ates to the Double of that 
Part. For Example, Let all the Sines to 
15 Degrees be given; then, by the prece- 
ding Analogy, all the Sines to 30 Degrees, 
may be found. For Radius is to double 
the Coſine of 15 Degrees, as the Sine of 1 
Degree, is to the Difference of the Sines of 
14 Degrees, and 16 Degrees; ſo alſo is the 
Sine of 3 Degrees, to the Difference between 
the Sines of 12 and 18 Degrees; and ſo on 
continually until you come to the Sine of 


30 Degrees. 


After the ſame Manner, as Radius is to dou: | 


ble the Coſine of 30 Degrees, or to double 
the Sine of 60 Degrees, ſo is the Sine of 1 
Degree to the Difference of the Sines of 29 
and 31 Degrees: Sine 2 Degrees, to the 
Difference of the Sines of 28 and 22 De- 
grees : : Sine 3 Degrees, to the Difference 
of the Sines of 27 and 33 Degrees. Bur 
in this Caſe, Radius is to double the Co- 


. fine of 30 Degrees, as 1 to / 3. And ac- 


cordingly, if the Sines of the Diſtances from 
the Arc of zo Degrees, be multiply'd by 
3; the Differences of the Sines will be had. 


So likewiſe may the Sines of the Minutes in 
the Beginning of the Quadrant be found, by 
having the Sines and Coſines of one and 
two, Minutes given. For as the Radius is 


Prain TrxIGonomeTRY: 


to double the Coſine of 2' :.: Sine 1' : Dif- 
ference of the Sines of 1' and 3' : ; Sine 
2': Difference of the Sines of o and 4, that 
is, to the Sine of 4. And ſo the Sines of 
the four firſt Minutes being given ; we may 
thereby find the Sines of the others to 87 
and from thence to 167 and ſo on. 


PROPOSITION VII. 
THEOREM. 


In ſmall Arcs, the Sines and Tangents of the 
ſame Arcs are nearly to one another, in a Ra. 
tio of Equality. 


OR becauſe the Triangles CED, CBG, 
are equiangular, CE: CB:: ED: BG. 


But as the Point E approaches B, EB will 
e yaniſh in Reſpect of the Arc B D: Whence 
I 7 CE will become nearly equal to C B. And 
, ſo ED will be alſo nearly equal to BG. If 
a | I 

4 ? EB be leſs than the 10,000,0c0 Part of the 
7 Radius, then the Difference between the Sine 
„and the Tangent will be alſo leſs than the 
1] —DL— Part of the Tangent. | 
10,000,000 


Coroll. Since any Arc is leſs than the Tangent, 
and greater than it's Sine, and the Sine and 
Tangent of a very ſmall Arc, are nearly e- 
qual ; it follows =_ the Arc thall a 

2 1 


e 


a eee 
+” ö 


wr 
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ly equal to it's Sine; and ſo in very ſ all 
Arcs it ſhall be, as Arc is to Arc, ſo is Sine 
to Sine. 


PROPOSITION VIII. 
To find the Sine of the Arc of one Minute. 


T H E Side of a Hexagon inſcribed in a 
Circle, that is, the Subtenſe of 60 De- 
grees, is equal to the Radius, (by 15th of the 
4th,) and ſo the half of the Radius ſhall be 
the Sine of the Arc 30 Degrees. Wherefore 
the Sine of the Arc of 30 Degrees being given, 
the Sine of the Arc of 15 Degrees may be 
found, (by Prop. 3.) Alſo the Sine of the Arc 
of 15 Degrees being given, (by the ſame Prop.) 
we may have the Sine of 7 Degrees 30 Mi- 
nutes : So likewiſe can we find the Sine of 
the half of this, viz. 3 Degrees 45”; and ſo 
on, until twelve Biſections being made, we 
come to an Arc of 52*, 44, 3 45*, whoſe 
Coſine is nearly equal to the Radius, in which 
Caſe (as is manifeſt from Prop. 7.) Arcs are 
proportional to their Sines : And ſo, as the Arc 
of 527, 44', 37, 555 is to an Arc of one Mi. 
nute, ſo ſhall the Sine before found, be to the 


Sine of an Arc of one Minute, which there- 


had. 3 


fore will be given. And when the Sine of 
one Minute is found, then (by Prop. 2. and 4.) 
the Sine and Coſine of two Minutes will be 


nn 


F 


SS 


Q 
— 
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PROPOSTTION IX: 
THEOREM. 


I the Angle BAC, being in the Periphery of 


a Circle, be biſetted by the Right Line AD, 
and if A C be produced until DEM AD 
meets it in E: then ſhall CE=AB. 


N the quadrilateral Figure A BDC (by 

22. 3.) the Angles B and A CD are e- 
qual to two Right Angle =D C E + 
DCA (by 13. 1.) Whence the Angle 
B= D CE. But likewiſe the Angle E 
DAC (5. 1.) = DAB and DC DB. 
Wherefore the Triangles BA D and CED 
are congruous, and C E is equal to A B 


W. W. D. 
PROPOSITION X. 
THEOREM. 

Let the Arcs AB, BC, CD, DE, EF, err. 


be equal ; and let the Subtenſes of the Arcs 


A B, A C, AD, A E, &c. be drawn; ther 
wil AB: AC:: AC: ABT A D:: 
7 5 CAE: : AE: AD AF:: 


A 
: AE+AG. 
A 


ET AD be produced to H, AE to l. 
A F to K, and AG to L, that the Tri- 


angles A C H, A DI, A EK, AFL, be If. 
celes ones; then becauſe the Angle B A D is 


biſected, 


= Serbs * % >." 
® ® : _— = * 
1 \ * 
- 


1 


The ELEMENTS of 


biſefted, we ſhall have D H —A B, (by the! 
laſt Prop.) fo likewiſe ſhall EI A C, FK 


—=AD, alſo G L= AE. 


But the Iſoſceles Triangles A B C, C HA, 
DAI, EA K, FAL, becauſe of the equal 
Angles at the Baſes, are equiangular. W here. 
fore it ſhall be as AB: AC:: AC: AH 


—=AB+AD::AD:AI=AC+AE:: 


AE:AK=AD+AF::AF: AL 


AE+AG. W. W. P. 


Coroll. 1. Becauſe AB is to AC, as Radius 


- is to double the Coſine of 5 the Arc A B, 


- It ſhall alſo be (by Corol. Prop. 4.) as Ra- 
dius is to double the Coſine of + the Arc 


AB, ſo is ZAB: TA C:: TA C: 4 
ABT ZA D:: TAD: ZAC TA E:: 
ZA E: ZAD + ZAF, fc. Now let 


each of the Arcs AB, BC, CD, fc. be 
2 then will A B be the Sine of one Mi- 
nute, A C the Sine of 2' Minutes, AD 


the Sine of 3 Minutes; 5 AE the Sine c 
4, e. Whence if the Sines of one and 


two Minutes be given, we may eaſily find 


all the other Sines in the following Manner. 
Let the Coſine of the Arc of one Minute, 
that is, the Sine of the Arc of 89 Deg. 59, 
be called Q, and make the following Ana- 
logies; R: 2Q: : Sin. 2': S. 1'+S, 3 
Wherefore the Sine of 3 Minutes will be 
given. Alſo R: 2Q::8.3': S. 24S. 


4. Wherefore the S. 4 is given; and R: 


2 Q:: S. 4: S. 3 ＋ 8. 5“; and fo the 
Sine of 5 will be ag 35 
| Likewiſe 


J 
7 
t 
5 
4 
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Likewiſe R: 2Q::S.5':S. 4 +5, 
6“; and ſo we ſhall have the Sine of 6. 
And in the like Manner, the Sines of every 
Minute of the Quadrant will be given. And 
becauſe the Radius, or the firſt Term of 
the Analogy is Unity, the Operations will 
be with great Eaſe and Expedition calcu. 
lated by Multiplication, and contratted by 
Addition, When the Sines are found to 
60 Degrees, all the other Sines may be had 
by Addition only, (by Cor. 1. Prop. 6.) 

The Sines being given, the Tangents and 
Secants may be found from the following 
Analogies, (in the Figure for the Definiti- 
ons ;) becauſe the Triangles CE D, CBG, 
CHI, are equiangular, we have. 


CE: E D:: CB: BG; that is, Cof.:S::R:T. 
e& GB: BC:: CH: HI;thatis, I: R:: R: Cot. 
4 CE: CD:: CB: CG; that is, Coſ.: R:: R: 


{ 


Secant. 


| DE:CD::CH:CI:thatis, S: R:: R: Coſee. 


SC HO LI UM. 


That great Geometrician and incomparable 
* Philoſopher, Sir Iſaac Newton, was the firſt 


that laid down a Series converging, in infini- 
tum ; from which, having the Arcs given, their 


ines may be found. Thus if an Arc be called 


A, and the Radius be an Unit, the Sine there- 


of will be found to be. 


e 4? 


4. 1 


*Ir> - 
2828 — —— ——ů— 


FF 


2 . RR 
1.2.3. 1.2.4.5. 1.2.3. 4.5.6.7. 3 


3 The ELEMENTS of 


And the Coſine 


A 6 A” 2 A 88 
— —y—-H— — — . 
1.2. 1.2.3.4. 1.2. 3. 4.5. 6. 1.2. 3. 4.5. 6.7.8. 


Theſe Series in the Beginning of the Quadrant 
when the Arc A is but ſmall, ſoon converge. 
For in the Series for the Sine, if A does not 
exceed 10 Minutes, the two firſt Terms there. 
of, viz. A A* gives the Sine to 15 Places 
of Figures. If the Arc A be not greater than 
one Degree, the three firſt Terms will exhibit 
the Sine to 15 Places of Figures ; and ſo the 
ſaid Series are very uſeful for finding the firſt 


and laſt Sines of the Quadrant. But the great. 


er the Arc A is, the more are the Terms of the 
Series required to have the Sine in Numbers 
true to a given Place of Figures. And then 
when the Arc is nearly Equal to the Radius, 
| The Series Converges very flow. And there. 
fore, to remedy this, I have deviſed other Se- 
res, ſimilar to the Newtonian one, wherein, I 
ſuppoſe, the Arc, whoſe Sine is ſought, is the 
Sum and Difference of two Arcs, viz. A+, 

or A — 2: And Jet the Sine of the Arc A, be 
called a, and the Cofine b. Then the Sine of 
the Arc A +2 will be expreſſed thus: 


bz az* by az? b z* 


„ 1.2 1.2.3 1. 3 | 1.2. 3 
And the Coſine is, 1 bens 


d az! bz 
by. 


fe 1. 1.2.3 1.2.34 12.345 1,2.3.4.5.6 
2 . In 


* 


|. 
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In like Manner the Sine of the Arc A — z is 


bees? ba: a2" bz a 25 
r 
4 3.4-5 1.2.3.4.5.6 
And the Coſine is, 
| n .-< aq 
eee eee He. 


I 1% 1.3 % - Ke 
The Arc A is an Arithmetical Mean between the 
3A-z: dA+z. And the Difference of the Sines are, 


: bz a bz* az* bz 22 
' 5˙ — — — — — — — —c. 
1 1.2 1.2.3 1.2.3.4 1. 2.3.4.5 1.2.3.4.5.6 


b · o eZ” bz? azs® 
— 4 —— 


1 12 1.23 1334 14.345 14406 


tc. 
Whence the Difference of the Differences or ſecond 
Di erence. 


| bas? 4342" 2a2* 
L 7. ProduceL — — — ä tec. 
| I.2 1.2.3.4 1.2.3. 4.5. 6 
| — — 
Yor, 2 a- + ——— tc. 
1.2 1.2.3.4 1.2.3. 4.5. 6 


Which Series is equal to double the Sine of 
the Mean Arc, drawn into the verſed Sine of 
the Arc z, and Converges very ſoon. So that 

Gf z be the firſt Minute of the 2 nadrant,(the 
Ft Term of the Series gives the ſecond Dif- 
erence to 15 Places of Figures, and the ſecond 
Term to 25 Places. 


| 


From 


| 
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From hence, if the Sines of the Arcs diſtant © 
one Minute from each other be given. The Sines 
of all the Arcs, that are in the ſame Progreſſion | 
may be found by an exceeding eaſy Operation. 

In the firſt and ſecond Series, if Arg; then 
ſhall a So, and b its Cofine, will become Ra- 
dius, or 1. And hence, if the Terms wherein 
a is, are taken away, and 1 be put inſtead of b, 
the Series, will become the Newtonian. In the 
third and fourth Series, if A be 90 Degrees, 
we ſhall have bo, and a. Whence again, 
taking away all the Terms wherein b is, and 
putting 1 inſtead of a, we ſhall have the New- | 
tonian Serzes ariſe. 


Note, Al the ſaid Series eaſily flow from the | 
Newtonian ones. By the fifth Propoſition. | 


PROPOSITION XL 


In a Right-angled Triangle, if the Hypothenuſe | 
| be made the Ralius, then — the x ides the 
Snes of their oppoſite Angles ; and if either 
of the Legs be made the Radius, then the other 
Leg is the Tangent of it's oppoſite Angle, and 
the Hypothenuſe is the Secant of that Angle. | 


J is manifeſt that C B is the Sine of the 

Arc C D, and A B the Coſine thereof; 
but the Arc CD is the Meaſure of the Angle 
A and the Complement of the Meaſure of the 
Angle C. Moreover, if A B, in the Figure to 
this Propoſition, be ſuppoſed Radius, then BC 
is the Tangent, and A C the Secant of the 
ArcBD, which is the Meaſure of the Angle 
A. So alſo if BC be made the Radius, then 


8  Tt+ 
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is BA the Tangent, and A C the Secant of 
the Arc BE, or Angle C. W. W. D. There. 
fore as A C being taken as ſome given Meaſure 
is to B C taken in the ſame Meaſure ; fo ſhall 
the Number 10000000 Parts in which the 
Radius is ſuppoſed to be divided, be to a Num. 
ber expreſſing in the ſame Parts the Length 
of the Sine of the Angle A ; that is, it will be. 


as AC:BC::R:SA. 

by the ſame Reaſon, as A C: B A:: R: 8, C. 
alſo as AB: B C:: R: T, A. 

and BC: B A:: R: I, C. 


And ſo if any three of theſe Proportionals be 
given, the fourth may be found by the Rule 


PROPOSITION XII. 


The Sides of Plain Triangles are as the Sines 
of their oppoſite Angles. 


[| F the Sides of a Triangle inſcribed in a Cir- 
cle be biſected by perpendicular Radii, 
then ſhall the half Sides be the Sines of the 
Angles at the Periphery; for the Angle BDC 
at the Center is double of the Angle BAC 


at the Periphery ; (by 20 El. lib. 3.) and ſo 


the half of every of them, viz, BDE—=BAC, 
and BE is the Sine thereof. For the ſame 
Reaſon, B F ſhall be the Sine of the Angle 
BCA, and AG the Sine of the Angle ABC. 


In a Right-angled Triangle we have BD 


= £BC=Radius (by 31 Excl. 3.) but Ra- 
C 2 dius 


19. 
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dius is the Sine of a Right Angle: Whence | 


3 B C is the Sine of the Angle A. 

In an Obtuſe-angled Triangle, let BL, CL, 
be drawn, and then the Angle L ſhall be the 
Complement of the Angle A to two Right 
Angles, (by 22 El. 3.) and ſo they ſhall both 
have the ſame Sine. But the Angle B D E, 


(whoſe Sine is B E) = Angle L. Therefore 
BE ſhall be the Sine of the Angle BAC. 


And ſo in every Triangle, the Halves of the 
Sides are the Sines of the oppoſite Angles; 


but it is manifeſt that the Sides are to one 


another as their Halves. W. W. D. 


PROPOSITION XIII. 


In a plain Triangle, the Sum of the Legs, the 
Difference of the Legs, the Tangent of the 
half Sum of the Angles at the Baſe, and the 
Tangent of one half their Difference, are pro- 
Por tional. 


E T there be a Triangle A BC, whoſe 

Legs are AB, BC, and Baſe AC. Pro- 
duce AB to H, fo that BH=BC, then 
ſhall A H be the Sum of the Legs; and if 
you make BI = BA, then IH will be the 
Difference of the Legs. Alſo the Angle HBC 
— Angles AA CB, (by 32. El. 1.) and fo 
E BC the half thereof — half the Sum of the 
Angles A and A C B, and it's Tangent (put- 
ting the Radius : E B) is EC. Again, let 
B D be drawn parallel to A C, and make H F 


= CD. Then ſince HB g CB, we ſhall | 


bave (by 4 El. I.) the Angle HB F=CBD 
YB CA. (H 29 El. 1.) Alſo the Angle HBD 
= Angle 


| 
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Angle A; whence FB D ſhall be the Dif- 


ference of the Angles A and AC B; and EB D, 
whoſe Tangent is E D, half their Difference. 
Let I G be drawn thro'I parallel to A C or 
B D, and then (by 2 El. 6.)AB: BI:: CD: 
D G, but ABS = BI; whence we ſhall have 
CDS D G, but C DS H F, and ſo HF 
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A H C, I H G, are equiangular, it ſhall 
be as AH: IH: : HC: HG: : THC: 5 
EC: ED. That is, A H the Sum 


ſnall be as E C the Tangent of one half the 
Sum of the Angles at the Baſe, to ED the Tan- 
gent of one half their Difference. W. W. D. 


PROPOSITION XIV. 


In a plain Triangle, the Baſe, the Sum of the 
Sides, the Difference of the Sides, and the 
Difference of the Segments of the Baſe, are 
proportional. 


ET DC be the Baſe of the Triangle 

BCD, about the Center B, with the 
Radius B C, let a Circle be deſcribed. Pre- 
duce D B to G, and from B let fall B E per- 
pendicular to the Baſe; then ſhall DG — 
DBB C = Sum of the Sides, and D H= 
Difference of the Sides; and D E, C E, are 


the Segments of the Baſe whoſe Difference is 


D F; becauſe (% Cor. Prop. 38. El. 3.) the 
Rectangle under D C and D F, is equal to 
the Rectangle under D G, D H, it _ 
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be (by 16 El. 6.) as DC: DG :: DH: 
DE. W. W. B. 


PROBLEM. 


The Sum and Difference of any two Quantities | 
being given, to find the Quantities themſelves. 


F one half of the Sum be added to one 
half of the Difference, the Aggregate ſhall | 
be equal to the greater of the Quantities ; and | 
if from one half of the Sum be taken one half 
of the Difference, the Reſidue ſhall be equal | 
to the lefler of the Quantities. For let there | 
be two Quantities A B, B C, and let there be 
taken AD = BC, then DB will be their 
Difference, and A C their Sum; which, bi- 
ſected in E, gives A E or E C the half Sum, 
and D E or E B the half Difference. Hence 
A B=AE+EB= the half Sum -+ the half 
Difference, and BC= CE — EB = the half 
Sum — the half Difference. | 
In any 3 * Triangle if two Angles be given, 7 | 
the third Angle is alſo given, becauſe it is! 
their Complement to two Right Angles. 
If one of the acute Angles ofa Right-angled |” 
Triangle be given, the other acute Angle will 
be given, becauſe it is the Complement of the 
given Angle to a Right Angle. | 
And if two Sides of a Right-angled Tri- 
angle be given, the other Side may be found 
by the firſt Proportion without a Canon. 


_ 7 
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The Trigonometrical Solutions of a 
Right-angled Triangle, may be 
as follow. Vid. Fig. A. 


2 [T Given [Sought [Make as | 
@ | "| The | The | AB: BC::R:T of 
11 | Legs Angles. the Angle A, whoſe Com. 


d IAB plement is the Angle C. 
If | and BC 


1] "The | The AT: AB:: R:S,Cwhoſe 
ee | Leg AB Angles.|Complement is the Angle 


Je 2 |and the A. 
ir Hypo- 

i. thenuſe 

n, AC 


ce | | The | The R r: : BC. 
if Leg A Blother 8, C: R: : AC. 
if and the Side 

3 [Angle B C, and 
en, A. the Hy- 
is pothe. WON 

1 ___ JauſeAC 

ed || The | The K. S, C:: AC: AB. 
vill 4 Hypo- Leg 

he thenuſe A B. 


41A C, 
ri. and the 
nd Angle 
C. 12 1 


he 
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The Trigonometrical Solutions of oblique-angled 


Triangles. Vid. Fig. to Prop. 12. 


ren Sought] Make as 


| The | The ]S,C:SA::AB:BC. Alſo 
Angles Sides 8, : 8, B:: AB: AC: But 
A, B, C,|1BCand when two Anglesare given, 


and the A C. the third is alſo given; 
Side whence the Caſe wherein 


A B. two Angles and a Side are 
given, to find the reſt, falls 


into this Caſe. 


All the [All thels, C: S, A:: AB: BC. 


{Angles Sides JAndS, C:S,B::AB: BC: 
A, B, CA B, |Whence if the Angles are 
A C, given, the Proportions ofthe 


B C. Sides may be found, but not 
the Sides themſelves, unleſs 

ne of them be firſt known. 

The The AB: AB: BC :: 5, C:S, A; 
two 3 which therefore may be 


Sides A and found. When AB the Side 


AB, B. ppoſite to C, the given An. 
BC, and gle is longer than BC the 

C the Side oppoſite to the ſought 
f Angle ngle, the ſought Angle is 
3 oppoſite leſs than a right one. But 
to one when it is ſhorter, becauſe 
fthem. he Sine of an Angle, and 
that of its Com plement to 


two Right Angles, is the 
ſame, the Species of the An. 
gle A muſt be firſt known, 
r the Solution will be am- 
biguous. 
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Given Sought 8 
id. Fig. to Prop. 13. BC 


r 


Make as 


LAB: BC - AB:: 
T A+C A—C 


2 2 
W hence is known the Dif. 


erence of the Angles A 
andC, whoſe Sum is given; 
nd ſo (by the Prob. follow - 
ing 1 14.) the Angles 
themſelves will be given. 


The | The 
two [Angles 
Sides A and | 
AB, 5 
B C, an 
the inter. 
jacent 
Angle 
B. 

All the | The 
Sides [Angles. 
A B, 

B C, 

A C. 


4 Fig. B. Let the Per- 
pendicular be drawn from 
the Vertex to the Baſe, 
and find the Segments of 
the Baſe by Prop. 14. viz. 
Make as BC: A C + 
AB::AC—AB:DC— 
DB. And ſo B D, D C, 
re given from this Ana- 
logy; and thence the An- 
gles ABD, ADC, will 
be given by the Reſoluti- 
on of Right-angled Trian- 
gles. | 
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Spherical TRIANGLES. 


— 


DEFINITIONS. 


EE Poles of a Sphere 
are two Points in 
the Superfictes of the 
Sphere that are the 
Extremes of the Axis. 
II. The Pole of a Cir- 
cle in a Sphere, is 4a 
Point in the Super- 
_ ” ficies of the Sphere, 
from which all Right Lines that are drawn to 
the Circumference of the Circle, are equal to one 
another. 

III. Agreat Circle in a Sphere, is that whoſe 
Plane paſſes thro the Center of the Sphere, and 
whoſe Center is the ſame as that of the 8 

1 . A 


Q 


If 


IV. A ſpherical Triangle is a Figure com- 
prehended under the Arcs of three great Cir- 
cles in a Sphere. N 

Ve: ſoherical Angle is that which, in the 
Superficies of the Sphere, is contained under two 
Arcs of great Circles; and this Anzle is equal 
tothe Inclinationof the Planes of the ſaid Circles. 


YJ BSI USE? OF” oe . 
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PROPOSITION I. 


Great Circles AC B, A FB, mutually bi ſect 
each other. g 


OR ſince the Circles have the ſame 
Center, their common Section ſhall 
be a Diameter of each Circle, 
and ſo will cut them into two 


ITY . | 
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Coroll. Hence the Arcs of two great Circles in 
the Superficies of the Sphere, being leſs than 
Semicircles, do not comprehend a Space; 
for they cannot, unleſs they meet each other 
in two oppoſite Points in a Semicircle, 


PROPOSITION II. 


I from the Pole C of any Circle A FB, be drawn 
| a Right Line CD to the Center thereof, the 
ſaid Line will be perpendicular to the Plane 

of that Circle. Vid. Fig. to Prop. 1. 


| Be T there be drawn any Diameters EF, 
G H, in the _ A F B; then becauſe 
2 in 


SPHERICAL T'RIGONOMETRY. 27 


The Erements of 
in the Triangles CDF, C D E, the Sides 
CD, D F, are equal to the Sides C D, D E, 
and the Baſe C F, equal to the Baſe C E 3 (by 
Def. 2.) then ( by 4 EL. 1.) ſhall the Angle 
CDF=—Angle C D E; and fo each of them 
will be a Right Angle. After the ſame Man- 
ner we demonſtrate that the Angles C D G, 
CD H, are Right Angles; and ſo (by 4 El. 
11.) C D ſhall be perpendicular to the Plane 
of the Circle A FE. W. W. D. 


Coroll. 1. A great Circle is diſtant from it's 
Pole by the Interval of a Quadrant; for 
ſince the Angles CDG, CDF, are Right 
Angles, the Meaſures of them, viz. the 
Arcs CG, CF, will be Quadrants. 

2, Great Circles that paſs thro' the Pole of 
ſome other Circle, make Right Angles with 
it; and contrariwiſe, if great Circles make 
Right Angles with ſome other Circle, they 
ſhall paſs thro' the Poles of that other Cir- 
cle, for they muſt neceflarily paſs thro' the 
Right Line D C. 


PROPOSITION II. 


If a great Circle ECF be deſcribed about the 
Pole A; then the Arc C F intercepted between 
AC, AF is the Meaſure oY the Angle C AF, 
or CDF, Vid. Fig. to Prop. 1. 


1 Arcs AC, A F, (by Cor. 1. Prop. 
2.) are Quadrants, and conſequently 
the Angles ADC, AD F, are Right Angles. 
Wherefore (by Def. 6. El. 11.) ma 


1 
( 
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C DF, ( whoſe Meaſure is the Arc C F) is 
equal to the Inclination of the Planes A CB, 
A F B, and alſo equal to the ſpherical Angle 
CA F, or CBF. W. W. D. 


Coroll. 1. If the Arcs A C, A F, are Quadrants, 
then ſhall A be the Pole of the Circle paſ- 
ſing thro' the Points C and F; for A D, 
is at Right Angles to the Plane FD C. 
(by 14 EL 11.) 

2. The Vertical Angles are equal, for each of 
them is equal to the Inclination of the Cir- 
cles; alſo the adjoining Angles are equal 
to two Right Angles. 


PROPOSITION IV. 


Triangles ſhall be equal and congruous, if they 
have two Sides equal to two Sides, and the 
Angles comprehended by the two Sides alſo 


equal. 
PROPOSITION V. 


Alſo Triangles ſhall be equal and congruous, if 
one Side togerher with the adjacent Anzles 
in one Triangle, be equal to one Side, and the 
adjacent Angles of the other Triangle. 


PROPOSITION VL 


Triangles mutually Equilateral, are alſo mutu- 
ally equiangular. 


PROPO- 
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PROPOSITION VII. 


In Tſoſceles Triangles, the Angles at the Baſe 
are equal. 


PROPOSITION VIII. 


And if the Aus les at the Baſe be equal, then the 
Triangle ſhall be Iſoſceles. 


Theſe four laſt Propoſitions are demonſtra- 
ted in the ſame Manner, as in plain Triangles. 


PROPOSITION IX. 


Any two Sides of a Triangle are greater than 
the third. 


OR the Ar- of a great Circle, is the ſhort- 
eſt Way between any two Points in the 
Superficies of the Sphere. | 


PROPOSITION X. 


A Side of a ſpherical Triangle is leſs than 
| a Semicircle. 


ET AC, A B, the Sides of the Triangles 

ABC be produced till they meet in D; 

then ſhall the Arc A CD, which is greater 
than the Arc A C, be a Semicircle. 


PROPO- 
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PROPOSITION XI. 


The three Sides of a ſpherical Triangle are leſs 
than a whole Circle. 


2 * DB ＋ DC is greater than BC, (by 
Prop. 9.) and adding on each Side BA 

AC, DBA DC, that is, a whole Circle 
will be greater than ABB CA C, which 
_— three Sides of the ſpherical Triangle 


PROPOSITION XI. 


In any ſpherical Triangle A B C, the greater 
Angle A is ſubtended by the greater Side. 


A K E the Angle BA D= Angle B; 
then ſhall A D— BD, (by8 of this; 
and ſo BDC=DA+D C, and theſe Arcs 
are greater than A C. Wherefore the Side 
BC, that ſubtends the Angle BAC, is greater 
than the Side A C, that ſubtends the Angle B. 


PROPOSITION XIII. 


In any ſpherical Triangle A B C, if the Sum 
of the Legs AB and BC be greater, equal, 
or leſs, than a Semicircle, then the internal 
Angle at the Baſe A C ſhall be greater, equal, 
or leſs, than the external and oppoſite Angle 
B CD, and ſo the Sum of the Angles A and 
ACB fhatt alſo be greater, equal, or leſs, 
than two Right Angles. 


IRST, let AB+BC= Semicircle = 


AD, then ſhall BC B D, and the An- 
gles 
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gles BCD and D equal, (by 8 of this,) and 
therefore the Angle BCD ſhall be= Angle A. 
Secondly, Let A B- B C be greater than 
ABD; then ſhall BC be greater than BD; 
and ſo the Angle D (that is, the Angle A, 
by 12 of this) ſhall be greater than the Angle 
BCD. In like Manner we demonſtrate, if 
AB+BC be together leſs than a Semicir. 
cle, that the Angle A will be leſs than the 
Angle BCD. And becauſe the Angles BC D 
and BCA, are= two Right Angles; if the 
Angle A be greater than the Angle B CD, 
then ſhall A and B CA, be greater than two 
Right Angles ; if the Angle Ag B CD, then 
ſhall A and BCA be equal to two Right 
Angles. And if A be lefs than BCD, then 
will A and BCA be leſs than two Right 
Angles. W. W.D. 18 


PROPOSITION XIV. I 


In any ſpherical Triangle G H D, the Poles of If! 
the Sides being joined by great Circles, do m 
conſtitute another Triangle X MN, which 
is the Supplement of the Triangle & H D, JU 
viz, the Sides NX, X M, and NM, ſhal M 
be Supplements of the Arcs that are the Mea- 4 
ſures of the Angles D, G, H, to the Semi. 
circles; and the Arcs that are the Meaſures 0 
of the Angles M, X. N, will be the Supple. to 
ments of the Sides GH, G D, and K D, . 


to Semicircles, 


D AA FRA ,,.n”_cocmc.c I... OO... O __ 


ROM the Poles G, H. D. let the great K 


Circles XC AM, TMNO, XKBN, 
8 
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be deſcribed ; then becauſe G is the Pole of 
the Circle X CAM, we ſhall have G M= 
Quadrant, ( by Cor. 1 Prop. 2.) and fince H 


is the Pole of the Cirele T M O, then will 


HM be alſo a Quadrant; and ſo (by Cor. 1. 


ha, > 3.) M ſhall be the Pole of the CircleG H. 
if In li 


ke Manner, becauſe D is the Pole of the 
Circle X BN, and H the Pole of the Circle 
TMN, the Arcs DN, H N, will be Qua- 


7 drants; and fo (by Cor. 1. Prop. 3.) N ſhall 


be the Pole of the Circle H D. And becauſe 
G X, DX, are Quadrants, X will be the 


Fole of the Circle & D. Theſe Things 


premiſed. 

Becauſe NK:= Quadrant, (Cor. 1. Prop. 2.) 
then will NK-+XB, that is, NX KB = 
two Quadrants, or a Semicircle; and fo N X 
is the Supplement of the Arc K B, or of the 
Meaſure of the Angle H DG to a Semicircle. 
In like Manner, becauſe MC g= Quadrant, 
and X A= Quadrant, then will MC+X A; 
that is, X MAC two Quadrants, or a Se. 
micircle; and conſequently X M is the Sup. 
plement of the Arc A C, which is the Mea- 


ſure of the Angle HG D. Likewiſe, ſince 
EM O, NI, are Quadrants, we ſhall have MO 


4NT—=OT+NM= Semicircle. And 
therefore N M is the Supplement of the Arc 
OT, or of the Meaſure of the Angle G HD, 
to a Semicircle, W. W. D. 

Moreover, becauſe D K, HT, are Quadrants, 
DK +HT, rKT+HD, are equal to 
two Quadrants, or a Semicircle. Therefore 


ꝑK I, or the Meaſute of the Angle X N M, 


is the Supplement of the Side H D to a Se- 
E micirele. 
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micircle. After the ſame Manner it is de. 
monſtrated, that OC, the Meaſure of the An- 
gle X MN, is the Supplement of the Side & H, 
and B A the Meaſure of the Angle X. is the 
Supplement of the Side G D. W. W. D. 


PROPOSITION XV. 


Equi angular ſpherical Triangles are alſo equi- | 
lateral. | 


E OR their Supplementals (by 14 of this) 
| 4 are equilateral ; and therefore equiangu- | 
lar alſo; and fo themſelves are likewiſe equi- 
lateral, (by Part 2. Prop. 14.) | 


PROPOSITION XVI. 


The three Angles of a ſpherical Triangle, are | 
greater than two Right Angles, and leſs than 


fix. 


OR the three Meaſures of the Angles! 

G, H, D, together with the three Sides 
of the Triangle X NM, make three Semicir- 
cles, ( by 14 of this;) but the three Sides of 
the Triangle X NM, are leſs than two Semi. 
circles, (by 11 of this.) Wherefore the three 
Meaſures of the Angles G, H, D, are grea- 
ter than a Semicircle; and ſo the Angles} 


G, H, D, are greater than twoRight Angles, 


” „* „ Lat 1 _ a« « & As 2_ aa a 


The ſecond Part of the Propoſition is mani 
feſt, for in every ſpherical Triangle, the exter. 
nal and internal Angles together, only make 
ſix Right Angles ; wherefore the internal 


Angles are leſs than ſix Right Angles. 
PROPO:| 


SenzRICAL TrIGONoMETRY, 35 


. PROPOSITION Xun. 


je If from the Point R, not being the Pole of the 
Circle AFBE, there fall the Arcs R A, 

| R B. R G, R V, of great Circles to the Cir. 
cumference of that Circle; then the greateſt 
of thoſe Ares is RA, which paſſes thro' the 
i Pole C thereof; and the Remainder of it is 
3 the leaſt; and thoſe that are more diſtant 
5) from the greateſt are leſs than thoſe which 
u- are nearer to it, and they make an obtuſe Angle 
ni. with the former Circle A E B, on the Side 
next to the greateſt Arc. Vid. Fig. to Prop.1. 


Ecauſe C is the Pole of the Circle A F B, 
then ſhall C D and RS, which is parallel 
thereto, be perpendicular to the Plane A F B. 
And if S A, S G, S V, be drawn, then ſhall 
8A (by 7 El. 3.) be greater than S G, and 
les SG greater than 8S V. Whence in the Right- 
les angled plain Triangles RS A, R S G, RSV, 
ir- we ſhall have RSq+S A q, or RA q, greater 
of than RSqQ+SGqorRGq;andſoRA 
Ji. will be greater than RG, and the Arc RA 
ee greater than the Arc RG. In like Manner, 
a. RSq+SG4q,orR Gq ſhall be greater than 
les RS+SVq, or RVq;andſoREG fall 
es be greater than RV, and the Arc RG greater 
i- than the Arc RV. 
24ly, The Angle RGA is greater than the 
Angle CG A, which is a Right Angle (by 
Cor. Prop. 3.) and the AngleR V A is greater 
than the Angle C VA, which alſo is a Right 
Angle. Therefore the Angles R GA, RVA, 
are obtuſe Angles, | 
E 2 PROPO- 


The EremenTts of 
PROPOSITION XVIII. 


In a ſpherical Triangle right-angled at A, the II 
Legs containing the Right Angle, are of the 
ſame Affelt ion with the oppoſite Angles ; that 
is, if the Legs be greater or leſs than Qua- 
drants, then accordingly will the Angles op- 
poſite to them be greater or leſs than Rigbt : 
Angles. Vid. Fig. to Prop. 1. g 


TOR if AC be a Quadrant, then will C 
be the Pole of the Circle A F B, and the 

Angles A G C, or A V C, will be Right An- 

gles. If the Leg AR be greater than a Qua- 

drant, then ſhall the Angle A G R be great. 

er than a Right Angle, (by 17 of this;) and 

if the Leg A X be leſs than a Quadrant, the 

Angle AG & ſhall be leſs than a Right Angle, 


PROPOSITION XIX. { 


If two Legs of a right-angled ſpherical Tri. 
angle be of the ſame Affection; (and conſe. 
quently the Angles, ) that is, if they are both 
leſs or both greater than a 2 uadrant, then 
will the Hypothenuſe be leſs than a Quadrant. 
Vid. Fig. to Prop. 1. 


N the Triangle A RV, or BR V, let F 

be the Pole of the Leg A R, then will RF 
be a Quadrant, which is greater than R V, 
(ly 17 of this.) | | 


PROPO- 
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PROPOSITION XX. 


he & If they be of a different Affection, then ſhall 
he the Hypothenuſe be greater than a Quadrant. 
at Vid. Fig. to Prop. 1. 


1 OR in the Triangle ARG, the Hypo- 
: thenuſe RG is greater than RF, which 
is a Quadrant. 


PROPOSITION XXI. 


ne If the Hypothenuſe be greater than a 2 uadrant, 
n. then the Legs of the Right Angle, and ſo the 
a- Angles oppoſite to them, are of different 
Affection; but if leſſer, of the ſame Aﬀe ion. 
d Vid. Fig. to Prop. 1. 


e, ＋ HIS Propoſition being the Converſe 
| . of the former ones, eaſily follow from 
them. | 


PROPOSITION XXIL 


In any ſpherical Triangle A BC, if the Angles 
h at the Baſe B and C, be of the ſame Affedt ion, 
T then the Perpendicular falls within the Tri- 
t. angle; and if they be of a different Affedt ian, 
the Perpendicular falls without the Triangle. 


N the firſt Caſe, if the Perpendicular does 
1 not fall within, let it fall without the Tri- 
angle, (as in Fig. 2.) then in the Triangle 
ABP, the Side AP is of the ſame Affection 
with the Angle B. And in like Manner, in 
„the Triangle ACP, A P, is of the ſame Af. 
Ifection with the Angle ACP. Then 

ſince 
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_ fince ABC, and ACP, are of the ſame Af. 
fection, the Angles ABC, ACB, ſhall be 
of different Affection; which is contrary to 
the Hypotheſis, 

i In the ſecond Caſe, if the Perpendicular 
does not fall without, let it fall within, (as 
in Fig. 1.) Then in the Triangle A BP, the 
Angle B is of the ſame Affection with the 

Leg AP. So likewiſe, in the Triangle AC P, 
the Angle C is of the ſame Affection witg 
AP; and therefore the Angles B and Care 
of the ſame Affection; which is contrary to 


the Hypotheſis. 
PROPOSITION XXIII. 


In ſpherical Triangles BAC, B H E, right. 
angled at A and H, if the ſame acute Angle | 
B be at the Baſe B A, or B H, then the Sines 
of the Hypothenuſe ſhall be proportional to 
the Sines of the perpendicular Arcs. 


OR the Right Lines C D, E F, being 
perpendicular to the ſame Plane, are pa- 
rallel. Alſo FR, DP, perpendicular to the | 
Radius O B, are likewiſe parallel; wherefore | 
the Planes of the Triangles EFR, CDP, 
are alſo parallel, (by 15 El. 11.) Wherefore 
CP, ER, the common Sections of thoſe Planes, 
with the Plane paſſing thro' BE, CO, will 
be parallel, (by 16 E/. 11.) Therefore the 
Triangles CDP, E FR, ſhall be equiangular. 
Wherefore C P the Sine of the Hypothenuſe 
BC, is to C D the Sine of the perpendicular 
Arc CA, as ER, the Sine of the Hypothenuſe 
BE to EF, the Sine of the perpendicular Arc 
EH. W.W.D. PROPO- 
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„ rpROPOSITION XXIV. 

N The ſame Things being ſuppoſed, A Q, HK, the 
ir Sines of the Baſes, are proportional to IA, 
ag G H, the Tangents of the perpendicular Arcs, 
P | 'OR after the ſame Manner, as in the laſt 
p, Propoſition, we demonſtrate that the Tri- 


h angles QAI, K HG, are equiangular; whence 
re QA: AI:: KH: HS. 


„ PROPOSITION Xxv. 


In a ſpherical Triangle A BC, right-angled 
at A, as the Coſine of the Angle B, at the 
Baſe BA. ts to the Sine of the vertical Angle 
ACB, ſo is the Coſine of the Perpendicular 
to the Radius. 


PREPARATION. 


ET the Sides A B, BC, C A, be produced, 
ſo that BE, BF, CI, CH, be Qua- 

7 dranits ; and from the Poles B and C, draw 
the great Circles EF D G, I HG, then will 
p the Angles at E, F, I, H, be Right Angles. 
e And fo D is the Pole of BA E, (by Cor. 2. 
s, Prop. 2 of this,) and G the Pole of IFC B; 
1K alſo A E will be = Complement of the Arc 
je BA, and FE the Meaſure of the Angle B 
r. GD, and D F their Complement. : Alſo BC 
e hall be = FI = Meaſure of the Angle G. 
rand CF their Complement. Likewiſe CA 
e H D, and DC their Complement. Theſe 
Things premiſed in the Triangles = 5 7 
9 
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DC F, right-angled at I and F, and having 
the ſame acute Angle C, ſince BA is leſs 


than a Quadrant, it will be as 8, DF: 8, 


HI::S, DC: 8, HC; that is, the Coſine 
of the Angle B, is to the Sine of the vertical 
Angle B CA, as the Coſine of CA is to Ra- 


dius. W. W. D. 
PROPOSITION XXVI. 


The Cuſine of the Baſe: Cofine of the Hypothe. 
nuſe:: R: Coſ. of the Perpendicular. 


FE in the Triangles AED, CFD, right- 
angled at E, F, having the ſame acute 
Angle D; becauſe A E is leſs than a Qua- 
drant, we have 8, EA:S,CF::S, DA: 
S, DC. W. W.D. 


PROPOSITION XXVII. 


8, of the Baſe : R:: I, of the Perpendicular : 
| T, of the Angle at the Baſe. 


OR in the Triangles BAC, BE F, right- 

angled at A and E, and having the ſame 
acute Angle B; becauſe A C is leſs than a 
Quadrant, we have 8, BA: 8, BE:: I, AC: 
T, EF. W. W. D. 


PROPOSITION XXVIII. 
Cof. of the vertical Angle: R:: I, of the Per- 
Piendicular: J, of the Hypothenuſe. 


| is the Triangles GIF, G HD, right-an- 
gled at I and H, and having the ſame 
| acute 


7 
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y 
acute Angle G, becauſe HD is leſs than HC, 
or a Quadrant, it is as 8, GH: 8, G I:: 
I. 


PRO POSITION XXX. 


8, of the Hypot benuſe: R : : 8, of the Perpen: 
dicular: 8, of the Angle at the Baſe. 


| & the aforeſaid Triangles, we have 8, IF: 
S, GF:: 8, HD: 8, GD. 


PROPOSITION XXX. 


R : Cof. of the Hypothenuſe : : T, of the vera 
tical Angle: Cot. of the Anzle at the Baſe. 


N the Triangles HIC, DFC, right-angled 
at I and F, and having the ſame acute 
Angle C, becauſe D F is leſs than a Qua- 
drant, we have S,CI:SCF::T,HI: 
T,D F, that is, R: Coſ. B C:: I, C: Cot. B. 


The laſt ſix Propoſitions are ſufficient for 
ſolving all the ſixteen Caſes of Right. angled 
ſpherical Triangles. Theſe ſixteen Caſes, with 
their Analogies deduc'd from the ſaid Pro- 
poſitions, are as follow: 


F | Given 


The EIEUENTS of 


* ven Sought The Proportions. 


Vid. Fig. to Prop. 25, 26 
27, 28, 29, 30. 


A Ke B: K: Tor 
of the kind with the 


not Quadrants, then B C 
will be leſs than a Quadrant 
If they be of a different Af. 
ffection, B C ſhall be greater 
than a Quadrant. 


Gs the ſame Affection, rs 


Co. BA: R:: Coſ. reed Prop - 
Coſ. CA. If BC be leſs26 and 
than a Quadrant, then ſhall/z 1. 
BA and CA be of the am 
Affection; if greater, ofa dif- 
ferent : but B A is given 
nd therefore the Specie 
thereof : Wherefore the 
 Ppeciesof AC is alſo given. 


5, BA: R:: T. CA: T|by Prop. 
Bof the ſame Affection with 27 an 
the o — Side C A. 18. 
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| 


TAC 


A C. R: 


TG. B C. |Cof. 


* 


The Proportions. 


ambiguous. 


2 


A: 8, B Aby Prop. 


„BC: 


„CA: 


A: 


N. 5. FAT. T. B: T, AC|by 
of the ſame kind with B. [27 and 


„ 


- | 
5 » 


dl. 


joy Prop. 
And ſo if the Angle C, and[28, 20, 
CA, be of the ſame Affection, 
hen BC ſhall be lefſer than 
Quadrant, if of a different, 
greater. 
„ BCꝛ K: 


rop. 


27. 


4. By Prop. 
If B C be leſs than a Qua. ſz28 and 
drant, the Angles C and B21. 

are of the ſame Affection, 

if greater, of a different. 
Therefore if the Species © 
he Angle B be given, then 
will A C be given. 
222: 


by Prop. 8 


If BC yay leſs than aſz8, an 


* 


ifferent, but the Speci 
A is given. Therefore th 
pecies of the Angle C will 


alſo given. 


les © 


F 2 


Gren 
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hen ſhall B G be leſs than: 
uadrant, if of a different 


han a Quadrant, the Anz 1. 
les C and B ſhall be of t he 
ſame Affection; if greate 

f a different. But the Spe 

ies of the Angle C is given; 
herefore the Species of the 


And ſo if BC _ leſſer 2 — 3 


[ Given Sought] The Proportions. vp 
belies We | 
he | 4 . 
Right | | 
AAngle. 
86, B. AC. R: S, BC: S, B: S, AC[by Prop. 
12 ; pf the ſame Species with B. 2, and 
18. 
| |AC,BIBT. S, B:S,A by Prop. 
13] 2 5. 
"]BC.| B. R 5, AC:S, Blby Prop. 
14]A C. the ſameSpecieswith CA. 29. 


B. U. B C. T. C: R:: Cot. B: Coſ. BC by Prop. 
And ſo if the Angles B andj3o, 19, 
are of the ſame Affection and 20. 


Angle B will be given alſo. 


of 
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Of the Solution of Right-angled 
Spberical Triangles, by the five 
Circular Parts. 


HE Lord Napier, (the Noble Inventor 

of Logarithms,) by a due Conſideration 
of the Analogies, by which Right. angled 
ſpherical Triangles are ſolv'd, found out two 
Rules, eaſy to be remembred, by means of 
which, all the ſixteen Caſes may be ſolved ; 
for ſince, in theſe Triangles, | beſides the 
Right Angle, there are three Sides and two 


Angles ; the two Sides comprehending the 


Right Angle, and the Complements of the 
1 and the two other Angles, were 
called by Napier, Circular Parts. And when 
there are given any two of the ſaid Parts, 
and a third is ſought ; one of theſe three 
which is called the Middle- Part, either lyes 
between the other two Parts, which are cal- 
led Adjacent-Extremes, or is ſeparated from 
them, and then are called Oppoſite-Extremes ; 
ſo if the Complement of the Angle B (Fig. 
to Prop. 25.) be ſuppoſed the middle Part, 
then the Leg A B, and the Complement of 
the Hypothenuſe B C, are adjacent Extreme 
Parts ; but the Complement of the Angle C, 
and the Side A C, are oppoſite Extremes. 


Alſo if the Complement of the Hypothenuſe 


BC, be ſuppoſed the middle Part, then the 
Complements of the Angles B and C are ad- 
jacent Extremes, and the Legs A B, A C, are 
oppoſite Extremes. In like Manner, f uppo- 

ns 


8 
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ſing the Leg A B the middle Part, the Com- 
plement of the Angle B and A C, are adja- 
cent Extremes; for the Right Angle A does 
not interrupt the Adjacence, becauſe it is not 
a Circular Part. But the Complement of 
the Angle C, and the Complement of the 
Hypothenuſe B C, are oppoſite Extremes to 


the ſaid middle Part. Theſe Things pre- 
miſed. 


. 


In any Right-angled ſpherical Triangle, the 
Refanzle under the Radius, and the Sine of 

the middle Part, is equal to the Rett angle 
under the Tangents of the adjacent Parts. 


Nurt nm. 


The Rett angle under the Radius, and the Sine 
of the middle Part, is equal to the Rectangle 
under the Cofines of the oppoſite Parts. 


Each of the Rules have three Caſes. For 
the middle Part may be the Complement of 
the Angle B, or C, or the Complement of 
the Hypothenuſe BC; or one of the Legs, 
AB, AC. 


Caſe 1. Let the Complement of the Angle 
C be the middle Part. Then ſhall A C, and 
the Complement of the Hypothenuſe BC, 
be adjacent Extremes. By Prop. 28. the Coſine 


of the Vertical Angle C is to Radius, as the 


Tangent of C A, is to the Tangent of the Hy- 
pothenuſe B C. Then (by Alternation Aur? 
a 


% Ao. Do Hs 29. _” 
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ſhall have Coſ. C: TI, CA:: R: T, BC. 
But R: T, BC: : Cot. BC: R. (as has been 
before ſhewn.) Wherefore Coſ. C: I, AC:: 
Cot. BC: R; whence R x Coſ. C= T, 
A C Cot. B C. 

And the Complement of the Angle B, and 
A B, are oppoſite Extremes, to the ſame mid- 
dle Part, the Complement of the Angle C. 
(and by Prop. 25.) as the Coſine of the An- 
gle C, to the Sine of the Angle C D FE, ſo 
is the Coſine of DF to Radius. But the 
Sine of C D F=S, A E= Coſ. BA, and Coſ. 
DE=S,EF=S,Angle B. Whence it 
will be as Coſ, C: Coſ. B A:: 8, B: R. 
And R x Coſ. C= Coſ. BA * 8, B; that 
is, Radius drawn into the Sine of the mid- 
dle Part, is equal to the Rectangle under the 
Coſines of the oppoſite Extremes. 


Caſe 2. Let the Complement of the Hy. 
pothenuſe B C, be the middle Part, then the 
Complements of the Angles B and C, will 
be adjacent Extremes. In the Triangle DCE 
(by Prop. 2 ) it is as 8, C F: R:: I, DE. 
151. nce (by Alternation) S, CF: 
T, D F:: (R: I. C: :) Cot. C: R. But 


8, CF = Coſ. B C and T, D F= Cot. B. 


Wherefore R x Coſ. B C= Cot. C Cot. 
B; that is, Radius drawn into the Sine of the 
middle Part, is equal to the Product of the 
Tangents, of the adjacent extreme Parts. 


And A B, AC, are the oppoſite Extremes 


to the ſaid middle Part, viz. the Complement 


of BC; and (by Prop. 26.) Coſ. my 8 | 


"i f 
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B C:: R: Cof. AC. Wherefore we ſhall J 
have R x Coſ. BC = Cof. B A Coſ. AC. 


Caſe 3. Laſtly, Let AB be the middle Part; 
and then the Complement of the Angle B, 
and A C will be adjacent Extremes, ( and by 
Prop. 29-) SAB: R:: I, CA: 1, B. 
Whence, 8, AB: I, CA:: (R: I, B: :) 
| Cot.B: R. And ſo RK , AB = T, CA 
| x Cot. B. | 
| Moreover, the Complements of BC, and 
| the Angle C, are oppoſite Extremes to the 
| fame middle Part AB; and in the Triangle 

GHD (by Prop. 25.) we have Coſ. D: 8, 
DGH: : Coſ. GH: R. But Coſ. D 
Coſ. AE = 8, A B, and 8, G=S,IF= 47 
S, BC. Alſo Coſ. GH=S, HI = 8, C. 
MWberefore it will be as 8, AB: 8, BC: : 8, 
* 2 And hence R & , AB = 8, BCN 
8, C. 

And ſo in every Caſe the Rectangle under 
the Radius, and the Sine of the middle Part, 
ſhall be equal to the Rectangle under the Co- 
ſines of the oppoſite Extremes, and to the 
Rectangle under the Tangents of the adjacent 47 

Extremes. And conſequently if the aforeſaid 
Equations be reſolved into Analogies, (by 16. 
El. 6.) the unknown Parts may be found by 
the Rule of Proportion. And if the Part 
ſought be the middle one; then ſhall the firſt 

Term of the Analogy be Radius, and the ſe- 

cond and third, the Tangents or Coſines of 
the extreme Parts. If one of the Extremes 
be ſought, the Analogy muſt begin with the 
other; and the Radiys, and the Sine ef, ou 
i middle 
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middle Part, muſt be put in the middle Places, 
that ſo the Part ſought may be in the fourth 
Place. 


T'N the Oblique-angled Spherical Triangle 

(Fig. to Prop. 31.)B CD, if a perpendicular 
Arc A C be let fall from the Angle C to the 
Baſe continued, if need be, ſo as to make 
two Right-angled Spherical Triangles BAC, 
DAC, then by thoſe Right-angled Trian- 
gles, may moſt of the Caſes of Oblique. angled 
ones be ſolved. 


PROPOSITION XXXI. 

The Coſines of the Angles B and D, at the Baſe 
B D, are proportional to the Sines of the 
Vertical Angles BCA, DCA. 


Or Coſ. Angle B: S, BCA:: (Coſ. C A: 
R: :) Coſ. D: 8, DCA. (by 25. of this.) 


PROPOSITION XXXII. 


The Cofines of the Sides BC, DC, are pro- 
portional to the Coſines of the Baſes BA, DA. 


OR Cof. BC: Coſ. B A:: (Coſ. CA: 
R: :) Coſ. DC: Coſ. DA. (by 26. of this.) 


5 PROP O, 
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PROPOSITION XXXII. 


The Sines of the Baſes BA, D A, are in a 
reciprocal Proportion of the Tangents of the 
Angles B and D at the Baſe B D. 


ECAUSE (by 27. of this.)S, BA: R:: 
B I., AC: I. of the Angle B. And by 
the ſame inverſely, R: 8, DA: : I, of the 
Angle D: I, AC. Then will it be (by the 
Equality of perturbate Ratio, according to 
Prop. 23. El. f.) 8, B A: 8, D A:: I, An- 
gle D: T, Angle B. 


PROPOSITION XXXIV. 


The Tangents of the Sides BC, D C, are in 4 
reciprocal Proportion of the Coſines of the 
Vertical Angles BCA, DCA. 


B ECAUSE by alternating the 28th Prop. 
we have ih 

I. BC: R.:: I, CA: Coſ. BCA, 
and by the ſame R: Coſ. DC A:: T, DC: I. 
CA. Wherefore by Equality of perturbate 
Proportion. 


1, BC: Coſ. DC A:: I, DC: Coſ. BCA 


PROPOSITION XXXV. 


The Sines of the Sides BC, DC, are propor- 


tional to the Sines of the oppoſite Angles I 
and B. 


Brune by the 29th of this, 8, BC: 
R::S,CA:S, of the Angle B, * 
by 
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by the ſame, inverting R: S, DC:: 8, Angle 
D: S, of C A, whence by Equality of pertur. 
bate Ratio, 8, BC: 8, DC:: 8, D: 8, B. 


PROPOSITION XXXVI. 


In any Spherical Triangle A BC, the Rectangle 
CF NX AE, or FMN A E, contained under 
the Sines of the Legs BC, BA, is to the Square 
of the Radius, as IL or IA — LA the 
Difference of the Verſed Sines of the Baſe 
C A, and the Difference of the Legs A M, 
to & N, the Verſed Sine of the Angle B. 


ET a great Circle PN be deſcribed from 
the Pole B; and let BP, BN be Qua- 
drants, and then P N is the Meaſure of the 
Angle B; alſo deſcribe from the ſame Pole 
B, a leſs Circle C FM thro' C; the Planes 
of theſe Circles ſhall be perpendicular to the 
Plane BON, (by the 24 of this.) And PG, 
CH, being perpendicular in the ſame Plane, 
fall on the common Sections ON, FM; ſup- 
poſe in G, H. Again draw HI, perpendicu. 
lar to AO; and then the Plane drawn thro? 
CH, HI, ſhall be perpendicular to the Plane 
AOB. Whence AI which is perpendicular 
to HI will be perpendicular to the Right 
Line CI, (by Def. 4. EL. 11.) and ſo AI. is 
the Verſed Sine of the Arc AC, and AL the 
Verſed Sine of the Arc AM = BM — BA 
BC - BA. The Iſoſceles Triangles C FM, 
PO N, are equiangular, ſince MF, N O, as 
alſo CF, P O, (by 16. EI. 11.) are parallel. 
W herefore, if Per pendiculars C H, P G be 
G 2 drawn 
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drawn to the Sides FM, ON, the Triangles 
will be divided ſimilarly, and we ſhall have 
FM: ON:: MH: & N. Alſo, becauſe the 
Triangles AO E, DI H, D LM, are equi 
angular, we ſhall have A E: AO:: IL: MH. 
But it has been proved that FM: ON:: 
MH: G N. Wherefore it ſhall be as A Ex 
FM:AOxON::ILxMH: MH xGN, 
or as IL to G N, that is, the Rectangle un. 
der the Sines of the Legs, is to the Square of 
Radius, as the Difference of the Verſed Sines 
of the Baſe, and the Difference of the Legs 


BC, BA, is to the Verſed Sine of the Angle 


B. W. W. D. 
PRO POSITION XXXVn. 


The Difference of the Verſed Sines of two Arcs 
drawn into half the Radius, is equal to the 
Ref angle under the Sine of half the Sum, and 
the Sine of half the Difference of thoſe Arcs. 


ET there be two Arcs BE, B F, whoſe 
Difference E FE, let be biſected in D; 
then ſhall B D be the half Sum, and F D the 
half Difference of thoſe Arcs. GE=I L 
is the Difference of the Verſed Sines of the 
Arcs BE, BF; alſo F O is the Sine of the 
half Difference of the Arcs. And becauſe 
the Triangles CDK, FEG, are equiangular, 
we have DK: GE:: (CD: FE: ) E CD: 
5 FE. Whence DK & FE, or DK x FQ 
=GExi3CD=ILxzCD. W. W. D. 


ROF O. 
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PROPOSITION XXXVIIL 


The Ferſed Sine of any Arc, drawn into the half 
the Radius, is equal to the Square of the 
Sine of one half of the ſaid Arc. 


T HE Triangles CBM, DEB are a5 
angular, ſince the Angles at M and E 
are Right Angles, and the Angle at B is com- 
mon. Wherefore EB: BD: : BM: BC. 
And then will EBx BC=BMxBD;and 
EB NI EBC BM x + BD = BMq. 
W. W. D. 


PROPOSITION XXXIX. 


In any Spherical Triangle A B C, whoſe Legs 
containing the Angle B are BC, AB, and 
Baſe ſubtending that Angle A C: If the Arc 
AM be taken — Difference of the Legs —= 
BC—AB. Then ſhall the Rectangle un- 
der the Sines of the Legs BC, BA, be to 
the Square of the Radius, as the Reti angle 
under the Sine of the Arc AC+ AM, and 


the Sine of the Arc | 2 ; 
AC—AM is to the Square of the Sine of 


2 | 
one half of the Angle B. Vid. Fig.to Prop. 36. 


ECAUSE the Rectangle under theSines 
of the Legs A B, BC, is to the Square 


of Radius, as I L is to the Verſed Sine of the 
0 | Angle 


The EIEUENTS of 


Angle B, or as = R.xI L to E R. drawn into 
the Verſed Sine of the Angle B (by Prop. 36, 
of this.) And ſince = R. xI L Rectangle un: 
der the Sines of the Arcs AC-+ AM, and 


0 
AC—AM (by Prop. 37. of this.) And alſo 


z R. drawn into the Verſed Sine of the Angle 
B is equal to the Square of the Sine of one half 
of the Angle B. Therefore the Rectangle under 
the Sines of the Sides to the Square of Radius, 
ſhall be as the Rectangle under the Sines of 
the Arcs AC+ AM and AC - A M, is to 


2 2 
the Square of the Sine of one half the Angle 
B. W. W. D. 8 
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|| The twelve Caſes o 1 Oblique-angled 
es 


are as follow. 


[- | Given. Sought. 
Angles "ck 
B. D, C 
nd BC. 


make as 


R : Tol. BC:: T, B : Cor. In the Ori- 
BCA, (by Prop. 30. of ginal, the 


this.) Ale Coſ. B: 8, age N 


B CA:: Coſ. D: 8, DCA 7 
(by 31. of this.) Where 
fore the Sum of the An- Co 0 
gles BCA, DCA, if the 
Perpen dicular falls within 
the Triangle, or the Dit. 
ference, if it falls without, 
will beg BCD. Whe⸗ 
ther the Perpendicular 
falls within, or without 
the Triangle, may be known 
from the Affection of the 
Angles B and D (by 22. of 


this,) which Admonition 
ought to be obſerved in 


the following Solutions. 


—Angles Angle 
and the 
Side 


Coſ. B: Coſ. D (by Prop. 


Tol. BC: : T, B: Cot. rhis Proper 
BCA (Prop. 30. of this.) tion in the 
nd 8, BCA:S, DCA : : Origins 


31.) If BCA be leſs than i 
BCD, the Angle D ſhall Er Ste 
be * the fame TN. of rhe _ 
with the AngleB. If —_ 
be greater than the Angle be Prop. 
BCD, then the Angles B 18, and 19: 

nd D, ſhall be of a differ. 
nt Affection, by the Con- 


_|verſe of Prop. 22. Given 


De Errnents of 


Siren. Poughtmake as 
The | The R: Cof. B:: T, BC: T, BA. 
ides Side ((by 28, of this.)and Coſ. BC: 
BC, IB D. Coſ. BA:: Coſ. DC: Coſ. 
CD DA. (by 32. of this.) the Sum 
nd th nd Difference of BA or DA, 
Angle ccording as the Perpendicu- 
3B. lar falls within, or without 
| the Triangle, is equal to BD, 
which cannot be known, un- 
leſs the Species of the Angle 
*. 488 D be firſt known. 
Ihe | Lhe R: Coſ. B:; | 
beides ide (by 28 of this.) and Cof BA: ; 
B C, D. Coſ. BC: : Coſ. DA: Coſ. 
DB DC. (by Prop. 3 2. of this.) 
and th According as DA is ſimilar 
Angle or diſſimilar to C A, or to 
IB. the Angle BDC, ſoſhal DC 
| N leſs 5 greater than - bis) 
1 rant, (by 19. and 20 of this 
Angles| The R: Coſ. B:: T, BC: T, BA. 
B, D, Side (by 28. of this) And J, D: 
5 nd the]B D. „B:: 88: 8, D A. (by 
Side 33. of this.) The Sum or Dif. 
22 ference of which BA and 
Ads a: DAis—=BD. þ 
. The Angle 
Sides D. B A, (by oY 28. of this.) 


andS, DA:S,BA::T,B: 

„D. (by 33. of this.) Ac. 
ording as BD is greater or 
leſs than BA, the Angle D 
ſhall be ſimilar or Aiſfimifar to 


Ihe Angle B. (by 22. of this.) 
Given. 


SPHERICAL T RIGONOMETRY: - 


Given.\ſought|make as 


— 
68 


— 


Col. BC: R:: Cor. E: T, 
BCA, (by 30. of this.) and I, 
DC: I, B C:: Coſ. BCA: 

2of: DCA, (by 34. of this.) 


nd the The Sum or Differeneeof the 
Angle Angles BCA, DCA, accord. 
TY ting as the Perpendicular falls 
_ [within, or without the 251 
gle, is equaltotheAngleBCD. 
The The Coſ. BC: R:: Cor. B: T. 
Angles Side BCA, (by 30. of this.) AlſoCoſ- 
B, C, D C. DCA: Coſ. B CA:: I, BC, 
end I. DC. z. of this.) Ifrhe 
Side Angle DCA be ſimilar to the 
B C. Angle B(that is, if A D be ſi- 
| mir to CA,) then DC ſhall 
leſs than a Quadrant. If 
the Angles DCA and B bediſ 
fimilar,then DC ſhallbegrea.. 
| ter than a Quadrant, which 
| follows (from Prop. 18, 19, 
| and 20. of this.) 
"| The | The S, CD: S, B::'S,BC:S, 
ides [Angle D, which is Ambiguous. 
BC, D. The Analogy follow from 
D C Prop. 35. of this, | 
nd the 
AngleB. | © 
'] The |-Ihe-] . 
-JAnglesSide--S, D: S, B C:: 8, B: 8. 
B, D, IDC. D C, which Side is Ambi- 


— Given, 


mn, 


17 


j 
1 


Me Fass FC 


Given foughtſ make as 1 
fl tue The As the Rectangſe under t 
Kite Angle Sines of the Legs A B, 
AB, B. B C: The Square of Ra. 
B C, ius: ; the Rectangle under 
C A. AC AM. 
Vid. he Sines of the Arcs 

Fig. 2 

Prop. | LAC—AM 

36. e equate 
1 Sine of F the l (by 

Z [Prop. 29. 

All the Ihe [In the Triangle 

Angles side Are MN is the Comple. 

G, H. D. ment of the Angle GHD 

D. to a Semicircle, X Mis 


the Angles be changed into 


the Complement of the An. 
gle G, and XN the Com. 
plement of the Angle I 
And the Angle X, the Com. 
plement of the Side G D to 
Semicircle, Wherefore if 


ides, and the Sides into An. 
les, the Operation will be 
the ſame, as in Caſe 11. of 
this, ſince Arcs and their 
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The following REMARK 5 
OAMuer Cu. 


© this is true, but in a particular 
J - Caſe, viz. when two of the Angles of 
the Triangle are Right ones, and two of the 
Sides Quadrants, may be thus demonſtrated: 
For if poſſible, let ſome Triangle RS I, Fig. 
to Prop. 14th be ſuch, that its Sides RS, ST, 
TR, be equal to the Meaſures of G HD, 
HG D, G DH, the Angles of a Triangle 
G HD; and alſo, that the Meaſures of 
RST, STR, TRS, the Angles of the 
Triangle RST, be equal to G H, G D, 
H D, the Sides of the Triangle GHD. 
And produce M X, M N, two Sides of. the 
fupplemental Triangle to Semicircles, and 
they will meet ſome-where, ſuppoſe at E; 
and there will be conſtructed thereby the Tri- 
angle NE X, of which X E (the Supplement 
of X M, which, by the 14th Prop. was the 
Supplement of the Meaſure of the Angle 
HGD) is equal to the Meaſure it ſelf of 
the ſame Angle HG D : And in like man- 
ner, NE (the Supplement of N M, which, 
by the 14th Prop. was the Supplement of the 
Meaſure of the Angle G H D) is equal to the 
Meaſure it ſelf of the ſame Angle G H D. 
But the third Side X N, is not the Meaſure 
of the third Angle G D H, bur its pps 
ment, by the 14th Prop. Moreover, of the 


Angle E X N (whoſe Supplement is NX M) 
ngle E % N ( I 


Tbe ELEMENTS of 
the Meaſure, by the 14th row. is equal to 
G D; and of the Angle X NE, (whoſe Sup. 
plement is MN X) the Meaſure, by the 14th 
Prop. is equal to H D. But of the third 
N E X, (which is equal to NM X) the 
Meaſure is not equal to G H, but its Sup- 
plement. | : | | 
Now make NVS RI = B K, the Mea: 
ſure of the Angle G DH, and draw the great 
Circle EV. And ſince R 8, by Suppoſition, 
is equal to the Meaſure of the Angle G HD, 
which is equal to EN; and ſince the Mea- 
{ure of the Angle SR T, is by Suppoſition, 
equal to D H, which is alſo equal to the 
Meaſure of the Angle XNE; the Angle 
XN E, is equal to the Angle R. Then con- 
ſequently, by the 4th Prop. the Triangles 
SR T, EN V, will have the Baſe S T, equal 
to the Baſe EV; the Angle T, to the An- 
N NVE, and the Angle 8, to the Angle 

E V. But ST, (which is equal to E V,) 
by Suppoſition, is equal to the Meaſure of 
the Angle HG D; to which Meaſure XE 
is alſo equal. Therefore, E V is equal to 
XE; and conſequently, by the 7th Prop. 
the Angle E VX is equal to the Ang 
EX V; and the Angle EX V (whoſe Mea: 
ſure, as hath been ſhewn above, is equal to 
GD) is equal to the Angle IT, (or NV E,) 
ſince by Suppoſition, the Meaſure of this is 
alſo equal to G D. Therefore the Angle 
E V X, is equal to the Angle EVN, and fo 
both Right ones; and conſequently EX V a 
Right one alſo. Therefore, by the 2d Cor. to 
the 2d Prop. EV and EX are both Qua- 
drants, 3 But 


7 
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But if E V be a Quadrant, and at Right 
Angles to N X, then E, by 2d Prop. and its 
Coroll. is the Pole of NX; and fo EN a 
Quadrant alſo, and theAngle ENV a Right 
one. Therefore, if the Sides of a Triangle 
(NEV, or its Equal) RST, are equal to 
the Meaſures of the Angles of ſome other 
Triangle G H D, and the Meafures of the 
Angles of the former, equal to the Sides of 
the latter; two Sides of ſuch a Triangle 
RST, or G HD, muſt be Quadrants, and 
two Angles of each Right ones. 

Therefore, if a Triangle RS T be con: 
ſtructed, whoſe Sides are equal to the Mea- 
ſures of the Angles of another Triangle 
G HD: The Meaſures of the Angles of the 
Triangle RS. J, ſhall not be equal to the 
Sides of the Triangle G H D, unleſs in the 
one Caſe before-mentioned. Therefore the 
Meaſures of the Angles of the Triangle 
G H D, uſed as the Sides of a Triangle in 
the 11th Caſe, will not give us a Side of 
G H D, but the Meaſure of an Angle of the 
Triangle R ST, unleſs in the one afore-men- 
tioned Caſe ; which was to be demonſtrated. 


But to find a Side G D of a Spherical Tri- 
angle G H D, whoſe Angles are all giben, 
Produce M N, that Side of the ſupplemental 
riangle, which is equal to the Supplement 
f the Meaſure of G H D, the Angle oppo- 
ite to the Side ſought, and MX, either of 
he other Sides till they meet, as in E. And 
here, as hath been 'before ſhewn, the Sides 
EX, EN, of the Triangle EAN, are exactly 
4 equa 


/ 


The ELEMENTS of 


equal to the Meaſures of the Angles HGD, 
GH D, of the Triangle G HD; and of 
the Angles EX N, ENX, of the Triangle 
E X N, the Meaſures are equal to G D, 
HD. But the Side X N is equal to the 
Supplement of the Meaſure of the Angle 
GD H. And of the Angle X EN, the 
Meaſure is equal to the Supplement of G H, 


Therefore the Sort uriow is thus: 


Change one of the Angles G D H. ad ja. 
cent to the Side ſought into its Supplement; 
and then work with the Meaſures of the An. 
gles, as tho' they were Sides, and the Reſult 


will be G D, the Side ſought. 


The preceding Fault, as well as the Omiſ. 
ſions hereafter-mention'd, are not peculiar to 
our Author; but may be found in Dr. Har. 
ris, Mr. Caſwell, Mr. Heynes, and many other 
Trigonometrical- Writers. 


In the Solution of our 8th and 9th Caſes, 
they have told us, that the Quæſita are Am- 
biguous; which ſometimes, indeed, is true, 
but ſometimes alſo falſe: Therefore, as J 
conceive it, they ought to have laid down 
Rules, by help of which, we might diſcover 
when the 2neſita are Ambiguous, and 
when not. | 

This Over-ſight may be corrected by the 
following Directions: W herein, becauſe every 
Sine correſponds to two Arches, to one leſs 
than a Quadrant, and to another, which 1s 


the 
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che Supplement of the former to a Semicir- 
cle, (a true Diſtinction of which, of theſe are 
to be uſed, being neceſſary to be known, be- 
fore a proper Solution can be given, to ſuch 
Problems as theſe are,) I ſhall beg leave, for 
Brevity-ſake, to call the leſſer Arch the Acute 
Value, and the greater the Obtuſe; whether 


the Sine be of an Angle, or a Side. 


In the tenth Caſe, there are given two Angles 
B, D, and BC a Side oppoſite to one of 
thoſe Anzles D, to find D C the Side oppo- 
ſite to the other. 


O the Acute Value of D C, and alfo to 
its Obtuſe one, add BC ; and if each 
of theſe Sums are 3 $ than a Semi- 


circle, when the Sum of the Angles B, D, is 


"a than two Right Angles ; both 
che Values of DC may be admitted, and 
then is Ambiguous : But when only one of 
thoſe Sums is Less ter than a Semicircle, 
only one Value of D C can be true, viz. the 


— one; and then is not Ambiguous; 


In the ninth Caſe, there are given two Sides 
BC, DC, and one Angle B, oppoſite to DC 
one of thoſe Siles, to find D the Angle ap- 

Poſite to the other. 

MO the Acute Value of D, and alſo ta 


1 its Obtuſe Value, add B; and if 2 
0 
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of theſe Sums is E than two Right 


Angles, when the Sum of the Sides is 


8 1 than a Semicircle ; both the Va- 
lues of B may be admitted, and conſequent. 
ly, D is Ambiguous : But when only one of 
thoſe Sums is 12 than two Right 
Angles, only one Value of D is true, viz. the 


deute . one and then not Ambiguous. 


Nor are we better uſed in the firſt Propo- 
ſition; for tho' it is determined by the gf: 


ven Angles, whether the Ferpendicular falls 


within or without the Triangles, yet in each 
of thoſe Varieties, the Quæſita will be ſome. 
times Ambiguous, and fometimes not. 


In this firſt Propoſs reion, there are given two 
Angles B, D, and BC, à Side oppoſite to D, 
one of them, to find C "the third Angle. 


1. Let the Perpendicular fall within; that 
is, let the given bar, wo be of kan fame 
* 


0 the Acute Value of D C A, and 1G 
to its Qbtuſe one, add the Angle BCA; 


and if. each of theſe Sums is lefs than two 


Right Angles, then either the Acute-Value 
of DCA, or its Obtuſe one added to BCA, 


gives a Value of BC D; which, therefore, 
is — And when only one of theſe 


Sums 


& 


T2 MAoAINN t = 


I 
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Sums is leſs than two Right Angles, the 
Acute. Value of DCA, added to BCA, 
gives the only Value of BC D; which then 
is not Ambiguous ; tho? in both Varieties, 
the Perpendicular fell within. 


2. Let the Perpendicular fall without : that 
is, let the given Angles be of different 
Species. 


WHEN the Obtuſe-Value of the An ole 
DCA is leſs than the Angle BCA, the 
Angle BCD may be had by ſubtracting 
either Value of DCA from B CA; and 
then BCD is Ambiguous. But when the 
Obtuſe-Value of DCA is not leſs than 
BCA; the Acute.-Value of DCA, taken 
from BCA, gives the ſingle Value of BC D; 
which therefore is not Ambiguous ; tho? in 
both Varieties, the Perpendicular fell without. 


In the fifth Caſe, we lie under the ſame Mis: 
fortune, where there are given, as in the 
firſt, the Angles B, D, and the Side BC, 
ro find B 2 the Side lying between thoſe 


given Angles. 


. When the perpendicular fals within; - 
that is, when the given Angles are of WE 
ſame Species 


O the Acute. Value of DA, and fo alſo 
to its Obtuſe one, add BA; and if 
each of theſe Sums is leſs than a Semicircle, 
then cither the Acute-Value of D A, or its 
I Obtuſe 
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rieties, the Perpendicular fell within. 


when D C is JIeſs T than a Quadrant 


of AD and AB leſs than a Semicircle; Ho 
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Obtuſe one, added to BA, gives the Value, 
of BD; which thence is Ambiguous. And 
© when only one of theſe Sums is leſs than af | 
Semicircle, the Acute-Value of D A, added 


to BA, gives the only Value of BD; which 
then is not Ambiguous ; tho' in both Va. 


2. When the Perpendicular falls without 
that is, when the given Angles are of dif. 
ferent Species. 


WHEN the Obtuſe. Value of D A is leßf 7 
than BA, BD will be had by ſubtradtins 


rr 


either Value of D A from BA ; and the 
BD is Ambiguous. But when the Obtuſe 


Value of DA is not leſs than BA, the Acute 
Value of D A, taken from BA, leaves th: 
only Value of BD; which therefore is not 
Ambiguous ; tho' in both Varieties, th, 
Perpendicular fell without. f 


In the third, we have the ſame Omiſſion; when 
there are given two Sides BC, C D, af 
B, an Angle oppeſire to C D one of them, u « 
find the third Side BD. 


IRST, we may obſerve, that the Specis 
of DA is always known; for it is a 


J. Giderent Affection with the Angle! 


aa www = fc TA 


greater 
And, | 


If AD be leſs than A B, and alſo the Su 
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AD, either added to, or ſubtracted from 


AB, will give the Value of BD, which, 
therefore, is Ambiguous. 


But if A D be not leſs than A B, or if 
their Sum be not leſs than a Semicirele; 
then their Sum, in the former, and their 
Difference in the latter Variety, ſhall give 


| one ſingle Value of BD, and then is not 
Ambiguous. | 


The ſeventh Caſe much reſembles the third; 

for there are given two Sides BC, CD, 
and B. an Angle, oppoſite to C D one of 
them ; to find the Angle B CD, lying be. 
tween thoſe two Sides. 


A ND here we may obſerve, that the 
Species of the Angle DCA is known ; 


TY the ſame T ;.: ' 
for it is of Ja Gferent J kind with the An. 


gle B, when DC is — than a Qua. 
drant. And, 


If DCA be leſs than BCA, and the 
Sum of DCA and BCA, leſs than two 
Right-Angles; then, DCA either added 
to, or ſubtracted from B CA, will give the 
Angle BC D; which therefore is Ambj. 
guous. | 


If DCA be not leſs than B CA, or the 
Sum of DCA and BCA, not leſs than 
two Right.Angles ; then their Sum in the 

| 12 former, 


68 


Me ELEMENTS of, &c. 
former, and their Difference in the latter Va. 


riety, ſhall give the Single-Value of B C D; 
which then is not Ambiguous, | 


N. B. If any one will be at the Trouble to 
make a double Calculation for the Side 
DC, or the Angle D, as taught in the 


Remarks on the ↄth and 10th Caſes, they] 


will find the ſeveral Varieties in the 1, 
3d, 5th, and 7th, to be as here laid down 
in theſe eaſy Rules. 


The Truth of theſe 8 may be eaſily de- 
- duced from the 10th, 13th, 18th, and 224 
Prop. of this, and the 2d, 8th, and 13th 
Examp es, following Prop. 30, of this, 


in our third Caſe of Oblique-plain Triangles, 
our Author ſhould have added this. 


If AB be leſs than BC, the Angle A is 
Ambiguous, other wiſe not, 


S. Cunn POSTSCRIPT. 
Va. | 


D ; Sam. Cunn's Obſervations on the 
preceding Trigonometrical: 


to Tract. 


the find our Author, as well as Dr. Harris, 
ae Mr. Caſwell. Mr. Heynes, and others of 
ti the Trigonometrical· Writers, is miſtaken in 
a ſome of the Solutions. 


That the common Solution of the 12th 
le. Caſe of Oblique-Spheric's is falſe, I have 
24 demonſtrated, and given a true one. See 


th Page 59. 


In the Solution of our 9th and roth Caſes, 

es, by other Authors called the iſt and 2d, 
where are given and ſought oppoſite Parts, 

not only the afore-mention'd Authors, but 

is all others, that I have met with, have told 
us, that the Solutions are Ambiguous 3 
which Doctrine is, indeed, ſometimes true, 
but ſometimes falſe : For ſometimes the 
Luzeſitum is doubtful, and ſometimes not; 
and when it is not doubtful, it is ſometimes 
greater than 90 Degrees, and ſometimes 


I affirm, that no Solution can be given with. 
out a juſt Diſtinction of theſe Varieties. 
For the Solution of theſe Caſes, ſee my 
Directions at Pages 62, 63. 


In the Solution of our 3d and 7th Caſes, 
in other Authors reckon d the zd and — 
where 


leſs : And ſure, I ſhall commit no Crime, if 


go & Cunn's POSTSCRIPT. 


where there are given two Sides and an An. 
gle oppoſite to one of them, to find the 34 


Side, or the Angle oppoſite to it; all the 
Writers of Trigonometry, that I have metf 


with, who have undertaken the Solutions o 
theſe two, as well as the two following Caſes 
by letting fall a Perpendicular, which is un. 
doubtedly the ſhorteſt and beſt Method for 


finding either of theſe Quæſita, have told 


Sum ; 
us, that the —— of the Vertica 


Angles, or Baſes, ſhall be the ſought Angl 
or Side, according as the Perpendicular falls 


within a | 
fot which cannot be known, unleſ: 


the Species of that unknown Angle, which is 
oppoſite to a given Side, be firſt known. 


Here they leave us firſt to calculate that 
unknown Angle, before we ſhall know whe. 
ther we are to take the Sum, or the Differ. 
ence of the Vertical-Angles or Baſes, for the 
ſought Angle or Baſe : And in the Calcu- 
lation of that Angle, have left us in the dark 
as to its Species; as appears by my Obſer. 
vations on the two preceding Caſes. 


The Truth is the 2uzfitum here, as well 

in the two former Caſes, is ſometimes 
doubtful, and ſometimes not; when doubt. 
ful, ſometimes each Anſwer is leſs than 90 
Degrees, ſometimes each is greater; but 
ſometimes one leſs, and the other greater, as 
in the two laſt mention'd Caſes. When it is 


not doubtful, the Quæſitum is ſometimes 


greater 


2 = © ea 


—— J „ 4A AS 


An 
0 All which Diſtinctions may be made without 


the 


& Cunn's POSTSCRIPT 


greater than 90 Degrees, and fometimes leſs. 


another Operation, or the Knowledge of the 
Species of that unknown Angle, oppoſite to 


a given Side; or which is the ſame thing, 


the falling of the Perpendicular, within or 


without. For which ſee my Directions at 


Page, 66, 67. 
In the Solution of our 1ſt and 5th Caſes, 


called in other Authors, the 5th and 6th; 
where there are given two Angles, and a 


Side oppoſite to one of them, to find the 3d 


Angle, or the Side oppoſite to it ; they have 
told us, that the - — Hin 
cal Angles, or Baſes, according as the Per. 
pendicular falls 3 + ſhall be the ſought 
Angle or Side ; and that it is known whe- 
ther the Perpendicular falls within or with- 
out, by the Affection of the given Angles. 


Here they ſeem to have ſpoken, as tho? 


"the 2ueſitum was always determin'd, and 
never Ambiguous ; for they have here de- 


termined, whether the Perpendicular falls 


within or without, and thereby whether 


they are ko take the Sum, or the Difference 
of the Vertical-Angles or Baſes, for the 
ſought Angle or Side. ; 


But, notwithſtanding theſe imaginary De- 
terminations, I affirm. that the Quæſitum 


here, as in the two Caſes laſt mentioned, is 


ſome: 


of the Verti- 


7: 


& Cunn's POSTSCRIPT. 
- ſometimes Ambiguous, and ſometimes not; 
and that too, whether the Perpendicular 
falls within, or Whether it falls without. 
See my Solutions of theſe two Caſes in 
Page 64, 65. 


The Determination of the 3d Caſe of 
Oblique-Plain Triangles. See in Page 66. 


SAM. CuNN. 
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APPENDIX 
By another Hand. - 


Containing the Elements of Aſtro⸗ 
nomy, by the Solution of Sphes 
rical Triangles upon the Globe. 


|PHERICAL Triangles are 
| beſt repreſented by the Circles 
on, and thoſe appendant to the 
loben. The Globe being the 
Original, from whenceall Sphe- 
Al rical Trigonometry proceeds, 
— and upon which the Sides and 
Angles of all Spherical Triangles are moſt 
naturally repreſented, and moſt Expeditiouſiy 
meaſured. | 
Moreover, as the whole Art of Navigation 
whether by plain, Mercator's or Wright's 
Sailing is but the Solution and Application of 
the Doctrine of Plain Triangles : ſo Aſtrono- 
my is the bare Solution and Application of the 
Doctrine of Spherical 8 


Fer 
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For as the Poet ſay's: tt 

Cuncta Trigonus habet, Satagit quz dof: 

8 (Matheſis 

Ille aperit Clauſum quicquid Olympus habet. 


In 7. rigonometry encloſed lye, 
All the Grand Secrets of 4{tronomy. 


But before the Practiſe, it will be neceſſarj 
to premiſe ſome general Definitions, and ne. 
eeſſary Explanations of the Aſtronomical Cir. I ca 


cles and Terms hereafter uſed. of 
Hg ps vic 
Firſt then. it! 


1. A Globe is a round body, every part offi 
whoſe Surface is equidiſtant from a pointf ai. 
within it, called it's Center. ane 

It may be conceived to be form'd by then: 
revolution of a Semicirele, round it's Diame. N ane 
ter. Every point in the Circumference of theſ gt. 
generating Semicirele in it's circumvolution rex 
upon it's Axis or Diameter, marks out a Cir. © 
cle in the Surface of the Globe ; whoſe Cir- 
cles are greater or leſs as they are more re. ¶ aiv 
more from, or nearer to the Extreme points] th; 
of the Axis, which are call'd it's Poles. loy 

2. A Great Circle equally divides the Globe ſ are 
into two Hemiſpheres and has the ſame Cen- M. 

ter with it. ed 


01 
The ON 
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The moſt remarkable Great Circles are 
theſe the 


Equator or Equinoct at, 
Horizon. 

Meridian. 

Ecliptic. 

Equinoitial Clure. 

Solſtitial Colure. 

Azimuth or Vertical Circles. 


3. The Equator, by Sailors emphatically 
called the Line, is equidiſtant from the Poles 
of the World, which are alſo it's Poles, it Di- 
vides the Earth into N'. and 8“. Latitude, on 
it is reckon'd the Longitude of places, and from 
it their Latitude is counted: The EquinoGal is 
it's correſponding Circle in the Heavens, cuts 


always the Horizon in the Eaſt or Weſt Points, 


and divides the Celeſtial Globe into N?, and 8“. 
Declination : on it is reckoned Right Aſcenſion, 


"Hand from it the Declination of the ©, b, or 


Stars, it is graduated from 10. 20. to 360. and 
repreſented in Plate 5. by the right line A, Q. 


4. The Horizon is a broad, wooden Circle, 
dividing the Globe into two Hemiſpheres 3 
the upper and viſible, which we ſee, from the 
lower and inviſible, which we ſee not, on it 
are the points of the Compaſs, Days of the 
Month and Signs, by this Circle is determin- 
ed the Riſing and Setting of Q, dor Stars: 


n this we count their Amplitude Azimuth and 


©'s place every day in the Year : from it are 
cquated the Almicanters or Parallets of Al- 


K 3 titude; 


— 
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Nn 
titude; it's Poles are the Zenith or Nadir. 
HX O, in Plate 5, repreſents the Hor ion. 


5. The Meridian is a broad braſs Circle, 
1 thro' the Poles of the Horizon, and 
Poles of the World ; croſſing both the Egui- © 
otial and Horizon at right Angles, and di- If 
vides the Globe, into the Eaſtern and Weſtern 
Hemiſpheres, it's Poles lie in the E. and W. 
Points of the Horizon, in this Meridian and It 
the Horizon the Globe hangs and turns, it's t. 

- graduated into four Nineties, on it is reck. It 
oned the Latitude of places, the Declination t 
and Meridian Altitude of G,) or Stars, and Þ p 
from it the Longitude of places and hour from Þ 7. 
Noon, *tis repreſented in Plate 5. by the out. it 

moſt Circle, XAPHQNSO. In 


6. The Ecliptic cuts the HFguinoctial at An- J 
gles of 235. 29; therefore it's Poles are diſt- d 
ant from the Poles of the Equinoctial 235. A 
29. tis divided into 12 Signs each 300. on ei- It. 
therSideof the Ecliptic, about 8 Degrees off are 
two parallels which make the Zodiac or bounda- 
ries of the Planets. The Ecliptic divides the | tt 
Celeſtial Globe into N*. and S*. Latitude of x 
D or Stars. On it is reckoned their Lougi- | 
tude, and from it their Latitude tis repreſent- 


5 ed in Plate Jo by S A Ve 


7. The Eguinoctial Colure is that Meridian, 

which cutteth the Zquino#ial at right An- 
les in thoſe two Points, where the Ecliptic || le 
crofles the Equino#ial in y and =, and ſo 
paſſes thro* the Poles of the World, in Plate 
3 tis repreſented by EX S. 8. The 


2 m4 


IPPENDIX 


8. The Solſtitial Colure is that Meridian 
which cutteth the Equino#ial Colure, the 
Equino#ial and the Ecliptic, all three at right 
Angles, and paſſes thro' the Ecliptic, where it 
touches both the Tropic's in 5 and . The 
outmoſt Circle in Plate 5. ZZPHQNSO. 
repreſents it. | 


9. The Azimuth or Vertical Circles all paſs 
thro' the Zenith and Nadir at right Angles 
to the Horizon: as the Meridians paſs thro? 
the Poles of the World at right Angles, to 
the Eguinoctial: that Azimuth Circle, which 
paſſes thro* the E. and W. points of thè Ho. 
rizon is called the Prime Vertical repreſented 
in Plate 5:by Z XN. The Azimuths are 
not drawn on Globes, but are repreſented by 
the Quadrant of Altitude, skrew'd on the 
Zenith which reaches to the Horizon, and is 


a” 


divided into 900. for numbring the Degrees of 


Altitude, when the ©, h or Stars are not on 
the Meridian. 


10. A Smaller Circle divides the Globe in- 
to two unequal Parts. The chief are the 
Parallels of. 


Declination. 
Altitude, 
Latitude. 


11. The Parallels of Declination axe all thoſe 
leſs Circles on the Globe, which are draw 
parallel to the Equinzo#ial, Four of which 
are moſt noted. The two Tropic i of S and 

. 
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w at 23*. 29'from the Equino#ial both ways, 
and are the bounds of the O's greateſt Decli- 
zation N“. and S*. markt in plate 5. S 9, 
y vw. Alfo the 2 Polar Circles, as far diſtant 


from the Poles of the World, as the Tropics | 


are from the Equino#1al, that next the N*. 
Pole called the Artic. and that next the 8“. 
Pole called the Antartic Circle, both which 
are bounds of the 2. frigid Zones, as the Tro- 

ics are of the Torrid Zone, betwixt the 
Torrid and the Frigid lie the two Temperate. 


12. The Parallels of Altitude are all thoſe 
Teſs Circles, which are parallel to the Hori- 
zon, repreſented. by the ſeveral Degrees of the 
Quadrant of Altitude moved about parallel, 
to the Horizon called often A/micanters. 


13. The Parallels of Latitude on the Ter- 

reſtrial Globe, are the ſame as Parallels of 
Declinat ion on the Celeſtial; both being pa- 
rallel to the Eguinoct ial: but Parallels of 
| Latitude on the Celeſtial Globe, are thoſe 
Smaller Circles parallel to the Ecliptic, and 
repreſented by the degrees of the 33 
of Altitude, skrew'd on the Poles of the E. 
cliptic, and moved parallel to the Eclipric. 
The ſaid Quadrant repreſenting then the 
Circles of Longitude of the Stars. 


14. The Principal Points are the Poles of the 
World, or of the Eguinodt ial. ; 
Horizon. 
Sire | 
>Ecliptic. © 


Equi- 


*. 
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Equinotial Colure. | 
Fe Colure. 
Prime Vertical. 


15. ThePolesof the Morld, or of the Eguinoctial 
being the ſame, are the two points on which 
the Globe hangs and turns within the Brazen 
Meridian and Wooden Horizon: from one of 
which to the other, there paſſes a ſtrait line 
thro' the Center of the Globe called the Axis 
of the World, in theſe two all Meridians 
meet: in Plate 5, they are markt P. and 8. 


16. The Poles of tlie Horizon are called the 
Zenith and Nadir, markt in Plate 5, Z. and 
N. the Zenith is that point in the Heavens 
directly over our Heads: and the Nadir is 
the contrary, directly under our feet, in theſe 
two do all Azimuth or Vertieal Cireles meet. 


17. The Poles of the Meridian are the 
points of Eaſt and Welt, where the Equi. 
noctial cuts the Horizon and are repreſented 
in Plate 5. by the point X. the other being 
inviſible, being diametrically oppoſite. 


18. The Poles of the Ecliptic are 230. 29 
diſtant from the Poles of the World, in which 
two points the Circles of Longitude of the 
Stars do croſs each other, which Circles are 
repreſented by the Quadrant of Altitude 
skrew'd over the Pole of the Ecliptic. 


19. The Poles of the Equino#ial Colure 
are . Q. where the Solſtitial Colure croſſes 
the Equinodial. And, 20. The 
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20. The Poles of the Solſtitial Colare is 
X. where the Equino#ial Colure croſſes the 
Eguinoct ia and Ecliptic in Y and =, which 

four poles are Cardinal points, and divide the 

Year into 4 Quarters, the | 


— - a, 80 2 


Spring when © appears in y_ 
Summer | S 
Autumn 0 
Winter v | 
21. The two So/fitial points are & and 
where the Ecliptic touches the 2 Tropics, | 
which the © appears to do, when the days b 
are longeſt or ſhorteſt, and cauſes them to ſtand a 


bt ſtill a while, without a Senſible lengthning 
| or ſhortning, for the ſpace of 10 or 12 days. 


22. The Poles of the Prime Vertical are { 
the N*. and S*. points of the Horizon, thro' 
which the Brazen Meridian paſſes. 


23. The Afronomical Terms following, 
which need Explanation are. 


de 2 9 „ 


Declination O's Poſition 
Amplitude Right Aſcenſion 
Altitude Oblique Aſcenſion 
Azimuth 4d 

= Latitude Aſcenſional Difference 
| - Longitude; | 


24. Declination is an Arch of the Meridian, 
between the Zquino#ial and the Star brought 
to the Meridian, and is either N'. or S*. 

— — 25. Anplis 
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. Amplitude is an Arch of the Horizon 
between the Eaſt or Weſt-points thereof, and 
the Star brought to the Horizon, and is either 


Ortive when the Star riſes, or Occidual when 


the Star ſets. 


v1 


26. Altitude is an Arch of the 2 #adrant 
of Altitude, between the Horizon and the Star, 


brought to the Quadrant Edge, when skrew'd 
on the Zenith. | 


27. Azimuth is an Arch of the Horizon be- 


tween the Meridian, and the Stars Vertical, 


repreſented by the Quadrant on the Zenith, 
when laid over the Star. | 


By Star, in theſe 4laſt Definitions under- 
ſtand ©, », Star, or any point in the Heavens. 


28. Latitude is either Celeſtial or Terreſtrial. 
Celeſtial is the neareſt diſtance of a Star from 
the Ecliptic, meaſur'd by a Circle of Longi. 
tude repreſented by the Quadrant of Alti. 
tude, laid over the Pole of the Ecliptic and 
the Star, and is either N“. or 8“. as the Stat 
is Situate. 


Lat isude on the Terreſtrial Globe, is the 
neareſt diſtance of a place from the Equator, 
meaſured by an Arch of the Brazen Meridian, 
between the Equator and place, when brought 
to the Meridian, which Latitude is always 
ual to the Elevation of the Pole above the 
orizon : becauſe. it's Complement added to 
each, will make either of them Exact Qua- 
* L drants. 


* 
* 
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drants. , 'Tis alſo either N*. or 87. according 
to the Situation of the Place, 


29. Longitude is either Celeſtial or Ter- 
reſtrial. Celeſtial, as the Longitude of the © 
is it's place in the Ecliptic. And Longitude 
of a Star, is an Arch of the Ecliptic, between 
and that Circle of Longitude which paſſes 
thro* that Star; repreſented by the Edge of 
the Quadrant, skrew'd over the Pole of the 
Ecliptic, and laid over the Star. 


Longitudeof a place on the Terreſtrial Globe 
is an Arch of the Equator between the firſt 


Meridian, when the place is brought to it. 


30. The Angle of the O's Poſition is form'd 
by the Concurrence of two great Circles at 
the point of the O's place in any Spherical 


Triangle. 


31. Right Aſcenſion, is an Arch of the Egui- 
noFtal, reckoning towards the Eaſt from . 
to that Meridian, which paſſes thro' the © 
or Star. 


32. Oblique Aſcenſion is an Arch of the Equi- 
nodt ial, reckoning towards the Eaſt, from V. 


to that point, which riſes with the & or Star 


in an Oblique Sphere. 


33. Aſcenfional Difference is the Difference 
in Degrees, between the Right and Oblique 
- * wes * 2424 0 wn Aſcenſion 


o- 


Meridian, and the Meridian that paſſes thro* 
the given place, repreſented by the Brazer - 


* 93 I 
* 
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Aſcenſion aforeſaid, which reduced into time, 
is the ſpace between ſix a Clock and © Riſe, 


34. To reduce Degrees into Time, ſeeing 


360 are Equal to 24 Hours. H. 


; 15”, 4 
For 73 od 1 TT 5 
15 I 
I - 4 


35. Having Sun-riſe, to find Sun-ſet, 


Length of Day, Length of Night, all the 


Year round, 


Seeing we begin our Count at Mid.day, 
and Mid-night, the time of © Riſe, is con- 


ſequently one half of the Night, and time 


of O Set, one half of the Day: and the hours 
of both added together, muſt make up 12. 
wherefore ſubtract the hours of © Riſe from 
12, the remains is the time of © Set, and 
double the time of © Set, gives the length 
of the Day, and double the time of © Riſe, 
_— length of the Night all the Year 
round, 


To Project the Sphere for. the Latitude 
519. zo“ N'. Geometrically, 


Uarter the Circle, which repreſents the 
Solſt itial-Colure or Meridian, with ZN. 
the Prime Vertical, and HO the Horizon: 
then ſet the Chord of the Latitude 51. 30. 
from H to P, the Pole from Z, the Zenith 
to E, the —— from O to S, and * 

2 | 


be n 


APPENDIX 


N to Q. and draw K. Q the Eguinodꝭ ial, 
and PS the Equinoct ial. Colure, from and 
Q on both ſides, ſet off the Chord of 235. 
for the Tropic & and yp, and draw S X vw 
the Ecliptic; lay a Rule from to S, 
which cuts P'S in L, then thro' the 3 points 
S L S, draw the Tropic of S, which ſup- 

ſe the apparent Courſe of the Sun for that 
ay, which cuts the Horizon at ©, thro' the 
; points P. O. S. draw the Meridian P © S, 
which forms the 1ſt. and 3d. Triangles ſhaded, 
and at 6 a Clock, the © appears at L, thro' 
Z. L. N. 3 Points, draw the Vertical LLEN, 
which forms the gth ſhaded Triangle, X LE. 
Again, ſuppoſe the © at M, thro' the 3 
points Z. M. N. draw the Azimuth Z M N, 
and draw thro' P. M. S. the Meridian PMs, 
thus is formed both the 2d and 5th ſhaded 
Triangles X72 and PZM. 


Caſe 1. 
N the Right-Angled Spherical-Triangle 
Ho P, Fig. 1. Plate z. Right-Angled 
at H are Giyen. o 


P H. the Latitude 5 1. 30. 
Te ©. the ©'s Diſtance from the Pole 69. 30. 


[ H o, the Complement of o's Am. 
| plitude. 

Required? H Pe. the Hour of o's Riſing 
I 3 accounted from Midnight. 

LP H. the Angle of ©'s Poſition, 


which the Horizon makes with the ne 
0 


ann 2aKe aa dS oc a 4A _.{@@ —— 
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To repreſent this Triangle on the Globe. 


Elevate the Pole to the given Latitude, 


and turn the Globe about, till 69“ 2. of the 


Eguinolt ial. Colure counted from the Pole, be 


at the Horizon, ſo will the Triangle be per. 


fectly deſcribed by an Arch of the Braſs Me. 
ridian, an Arch of the Horizon, and an Arch 
of the Colure. 


The Complement of the ©'s Amplitude, 
H ©. is numbred on the Horizon, from the 
Colure to the N'. point of the Horizon, and 
in this caſe is 575. 34. 8 


For the Angle H P ©, count the degrees 
of the Eguinoctial, which are contained be. 
tween the Co/are and the N'. fide of the 


Braſs Meridian, which degrees reduced to 


time, i. e. 62. 45”. are equal to 4h. 11” the 
hour from Midnight, the time of © Riſe, 
and 3; the length of the Night, which ſub. 
duct from 12, reſts. 7 h. 49 the time of © 
Set, and half the length of the Day. 


For the Angle P H, number on the 
Colure, and alſo on the Horizon, the Sides 
that include the Angle 900. from the Angu. 
lar Point, and the diſtance between thoſe two 


Points, where the reckoning ends, meaſured 


by the 2 xuadrant of Altitude, or by Com- 
paſſes, contains 56*, 39, the Angle of the 


Caſe 
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_ Caſe 2. 


"IN the Right-Angled Spherical Triangle 
. X yz. Right-Angled at y, Fig. 2. Plate 5, 


"Me XZ. ©'s Diſtance from y 72“. 
; y X 2. ©'s greateſt Declination 23 29. 
2 y. O's preſent Declination, 
Required X y. ©'s Right. Aſcenſion. 
y Z X. ©'s Poſition, or the Angle 
that the Meridian makes with the Ecliptic. 


Io repreſent this Triangle on the Globe. 


Bring the ©'s Place, which is r 12”. to 


the Brazen Meridian, and fix the Globe in 
that Poſition, and the Triangle will be re- 
preſented by an Arch of the Eguinodt ial, an 
Arch of the Ecliptic, and an Arch of the 
Brazen Meridian, 


The ©'s preſent Declination X y. 225. 16. 
is meaſured on the Brazen Meridian, from 
the Equinottial, to the ©'s: Place, and is N*. 
becauſe betwixt the Eguinoct ial and N?. Pole. 


| The ©'s Right- Aſcenſion X y, is meaſured 
on the EquinoGial 70 = from , to the 
Braſs Meridian. | 


And for the Meaſure of the Angle yz X 
number 90?. on the Meridian from the ©'s 
place, and 90 on the Eeliptic from the O's 

place, 


Re 


01 


le, Caſe 3. | 
Jo 5 | 

N the Right-Angled Spherical. Triangle 
: A © B, Right-Angled at B, Fig. 3. 
9. Plate 5. it Not 


A . 2 


4 
8 
8 
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place, ſo ſhall the diſtance between theſe two 


Points, meaſured by the Quadrant of Alti- 
tude, contain for the Angle y z X, 82*. 20. 


tude 38. 300. 


3 © AB. the Complement of Lati- 
Given 
B ©. the ©'s Declination 20. 30. N*. 


As. O's Amplitude. 
Required A B. the Aſcenſional- Difference. 
A © B. 9's Poſition at Riſing, 


To repreſent this Triangle on the Globe. © 


Depreſs the Eguinoct ial below the N?. 
point of the Horizon 389. zo! the Comple- 
ment of the Latitude, then number 20? £ 
the O's Declination on the Equinodt i al- Colure, 
and bring that to the Eaſt-{ide of the Hori- 
zon, ſo ſhall the Triangle be formed, and ap- 
pear below the Horizon by A ©, an Arch of 
the Horizon. A B, an Arch of the Equi- 
noctial. And B ©, an Arch of the Colure. 


Ao the O's Amplitude from the Eaft, is 
numbred on the Horizon to the Colxre, and 
s 32*. 26. 

AB the Aſcenſional. Difference, is numbred 


on the EquinoFial, from the „ 2 
e 
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the Horizon to the Colure, and is 26. 1 


which reduced into time, is 1 h. 49 before 6; 
for © Riſe i. e. 4: b. 11. | 


And the Angle of the Os Poſition A © 
is found by continuing the Sides © A an 
B to Quadrants, and then meaſuring be: 
twixt thoſe two Points, as in the firſt and 
2d Caſes, — | 
a Caſe 4. 

TN the Right-Angled Spherical-Triangle 

AEL, Right-Angled at E, Fig. g. 
Plate 5. 205! 


o 


GivenSAL the ©'s Declination = 200%. 30'N*. 
wen LA E the Latitude =51. 30 N.. 


LE the o's Altitude at Six. 
Ja E the ©'s Azimuth from Eaſt. 


Required 


_ EALE the 9©'s Poſition or Angle, 


which the Colare makes with the Vertical 
at Sid. | | 


Jo repreſent this Triangle on the Globe. 


Elexvate the Pole to the given Latitude, fi 
the Quadrant of Altitude in the Zenith, and 
number the ©'s Declination 20˙ 4 on the 
EquinoFial-Colure; the Colure being brought 
to the Eaſt-point of the fry, Frove the 
graduated Edge of the Quadrant, over the 


= 
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O's Declination on the Colure, ſo will the 
Triangle be form'd by, 
A L an Arch of the Colure = Declination, 
A E an Arch of the Horizon = Azimuth, 
from the Eaſt. 
"LE by Arch of the Quadrant 9's Ati. 
Fu 


A E. ©'s deimaib from E. is 135 6. 

LE, ©'s Altitude at 6. is 15. 54. 

and the Angle of the ©'s Poſition A L E, 

is found by continuing the Sides LA and 

LE to Quadrants, and then meaſuring be- 

twixt thoſe two Points, as in the firſt and 
ſecond Ca ſes. 


lf Oblique-Triangled Spherical-Triangles. 
Caſe 1. 


15 the Oblique.-Augled Spherical- T lam 
PZ M, Fig. 5. Plate 5. Oblique- Angled 


7 ZP the Complement of the Lati. 

1 tude = 38. 30'. 
Given? MP the ©'s Diſtance from the 
Pole == 69, 30. 

jMZ the Complement O's Alti- 

{ tude = 47. 20. 

PZ M the 's Azimuth from theN*, 


3 Z PM the hour of the Day from 
Required) Noon. 
SY Z MF Nie ©'s Angle of Poſition, 


To 
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To tepreſent this Triangle on the Globe. 


Elevate the Pole to the Latitude, then 
count Z P 38*. 30“, the Complement of the 


"Latitude from the Pole, on the S'. Side of 


the brazen Meridian, and where the Reckon. 
ing ends, skrew the Quadrant of Altitude i. e. 
on the Zenith, which is markt 51". 30. on 
the braſs Meridian, this done, count the Side 
MP 69? =. upon the Equino#1al-Colure from 
the Pole, and the Side MZ = 47”. 20. on 
the Quadrant of Altitude, from the Zenith 
downwards, and ſo move the Globe and Qua. 
drant of Altitude together, till the Numbers 
counted on the Colure and Quadrant of Al. 
titude, meet in one Point, ſo will the Tran. 


gle be exactly delineated upon the Globe, 


Now to find the ſeveral Angles. 
For the Angle Z, count the Number of 


Mm wh, DP mo. - 


— Ld — 


Degrees, of the Horizon, which are contain'd 
between the N?. Point of the Meridian, and 
the Quadrant of Altitude 115*. 35 the 9's 
Azimuth from the N“. | 


For the Angle Z PM, the degrees of the 
Equinoitial, contain'd between the 8“. fide 
of the Braſs Meridian, and the Colure 45* 
reduced into time, is 3 Hours from Noon, 
7. e. 9 in the Morning, or 3 Afternoon. 


For the Angle Z M P, the Angle of Po- 
ſition, reckon 90 from the point M, on the 
| Circles 
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Circles MZ and MP, the diſtance betwixt 
thoſe Points meaſured by the Quadrant of 
Altitude, applied to both, give 36". 52, the 
Angle ſought made by the Meridian and 
Vertical, concurring in M. 


Alſo by having any 3 Parts of any Obli- 
en given, the other Three may be 
ound, which afford no leſs Variety, than 60 
Caſes in an Oblique, and 30 in a Right. 


As will appear, if we call the Latitude 1. 


O's Declination 2. Azimuth 3. Altitude 4 
Poſition 5. Hour 6. Then may each of theſe . 
be found from 10 different Data's. 


1232 42313'3i4.15 1.6 
may be found from the Ten differ- 
ent Data*s, directly underneath. 
I . 3.4m. 5. 801.5. 601.5. 6.3.4 2.3.4 Thus may we 
419878. 137 435 ſerve the Hae 
3 2.361145 1.4.5. 3 6E. 3. 45 parts of a Right 
2.4.51. 3.62 4 1.3 l. 3. #5 Angled, Spheri- 
1 2+4+6}143+5 2.46 1.35 3.5 cal Triangle. 
2.5-6[1-3.4]2-5-6|2.5.6]'. 3-4 7555 
3.4.34. l. 2.51. 2.61. 2.603. 4.5 
3-4-6]3-4 61.2. 5/1. 2.53·4·60f. 2.5 
4 44 1. 2.43.1. 61m. 2 1. 2·4 
194+5-6 #5 ob $o6[1+2-3 231 


Moreover, in the ſame Triangle, call the 


Side Z P, the diſtance of the Pole of the 
Equino#1ial, from the Pole of the Ecliptick, 
then PM will be the Co. declination of a 
Seer at M. Z M will be the Complement 
of the N*. Latitude of that Star, the Angle 

M 2 M al 
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M PZ, will be the Complement of the Stars 
Right-Aſcenfion ; the Angle P Z M, the 


| Stars-Longitude from S, and P MZ ti 


Angle of the Stars Poſition. 


21 = ® 


4% WS DS 


The ſame Triangle may be applied to 
Sundry other uſes in Geography. Navigation, 
and Dialing, for which we have no room 


in this ſmall Appendix. 


E RR ATA 


| For Read 
P. 24. Ii. 14. |] AB: BC. AB: AC; 


p. 72. li. 8. | page 66. P. 68. 


Alſo omitted in the London Edition. 


p. 10. lin. 14. after Sine of, Read 2* to the 
Difference of the Sines of 13 and 17". and 
ſo is the Sins of p. 33. lin. 15. after Prop. 

2. Read and X B = Quadrant. | 
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H E Mathematics formerly re: 
cetved conſider able Advantages ; 
firſt, by the Int roduct ion of the 
Indian Characters, and after. 
e wards by the Invention of Deci- 
e Fractions; yet has it ſince 
— reaped at leaſt as much from 
the Invention of Logarithms, as from both the 
other two. The Uſe of theſe, every one knows, 
is of the greateſt Extent, and runs through all 
Parts of Mathematicks. By their Means it 
is that Numbers almoſt infinite, and ſuch as are 
otherwiſe impradt icable, are managed with Eaſe 
and Expedition. By their Aſſiſtance the Mariner 
ſteers his Veſſel, the Geometrician inveſtigates 
the Nature of the higher Curves, the Aſtrono- 
mer determines the Places of the Stars, the 
Philoſopher accounts for other Phenomena of 
Nature; and laſtly, the Vſurer computes the 
Intereſt of his Money, 


The 
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The Subjet of the following 7. reatiſe hai 
been culttvated by Mathematicians of the fir 
ank; ſome of whom taking in the whole Do. 


vine, have indeed wrote learnedly, but ſcarcely 


intelligible to any but Maſters. Others, again, 
accommodating themſelves to. the Apprebenſion 
bf Novices, have ſelected out ſome of the moſt 
eaſy and obvious Properties of Logarithms, but 
have left their Nature and more intimate Pro. 
perties untouch d. My Deſign therefore in the 
following Trad, is to ſupply what ſeemed ſtill 
want ing. vit. to diſcover and explain the Doit- 
rine of Logarithms, to thoſe who are not yet got 
beyond the Elements of Algebra and Geometry. 

The wonderful Invention of Logarithms we 
owe to the Lord Neper, who was the firſt that 
conſt rutted. and publiſhed a Canon thereof, at 
Edinburgh, in the Tear 1614. This was very 
graciouſiy rerei ved by all Marhematicians, who 
were immediately ſenſible of the extreme Uſe- 
fulneſs thereof. Aud tho it is uſual to have va- 


rious Nations contending for the Glory of any 


notable. Invention, yet Neper is univerſally al- 
low'd the Inventor of Logarithms, and enjoys 
the whole Honour thereof without any Rival. 

The jame Lord Neper afterwards invented 
another and more commodious Form of Loga- 
rithms, which he communicated to My. Henry 
Briggs, Profeſſor of Geometry at Oxford, who 
was bereby introduced as a Sharer in the com- 


pleting thereof : Bat the Lord Neper dying, the 


theleBuftnefs remaining was devolved upon Mi. 
Briggs; who, with prodigious Application, and 
an untommon -Dexterity, compaſsd a Logarith: 


* Caroz, agreeable to that new Form for the 


frſe 


8 


hai firſt twenty Chiliads of Nunibers, (or from 1 to 


Irſt 
ok. 
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10000 ) and for eleven other Chiliads, viz. from 


90000 to 101000. For all which Numbers he 
calculated the Logarithms to fourteen Places 


This Canon was publiſh'd at Lon- 


of Figares. 
don in the Tear 1624. 


Adrian Vlacq publiſhed again this Canon at 


Goudz in Holland in the Tear 1628, with 
the intermediate Chiliads before omitted, filled 
up according to Brigg's Preſcriptions; but 1 5 


Tables are not ſo uſeful as Brigg's, becauſe 


the 


Logarithms are continued but to 10 Places of 


Figures. 


Mr. Briggs alſo has calculated the Loga- 
rithms of the Sines and Tangents of every 
Degree, and the hundredth Parts of Degrees 
to 15 Places of Figures, and has ſubjoined to 
them the Natural Sines, Tangent s, and Secants, 


to 15 Places of Figures. 


The Logarithms of 


the Sines and Tangents are called Artificial 
Sines and T angents, but the Sines and Tangent s 


themſelves are- called Natural. Theſe 


Tables, 


together with their Conſtruſt ion and Uſe, were 
publiſh'd after Brigg's Death, at London, in 
the Tear 1633, by Henry Gellibrand, and by 


him called Trigonometria Britannica. 


Since then, there have been publiſhed, in ſe- 
the 


veral Places, compendious Tables, wherein 


Times aud Tangents, and their Logaritbms, con- 
fiſt of but ſeven Places of Figures, and wherein 


are only the Logarithms of the Numbers from 
to 100000, which may be ſufficient for moſt Uſes. 


The beſt Diſpoſition of theſe Tables, in my 
Opinion, is that, firſt thought of by Nathaniel 


Roe, of Suffolk; and * ſome Alterations 


for 


the 
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the better, followed by Sherwin in his Mathemati. 
cal. Tables publiſp d at London in 1705; where. 
in are the Logarithms from 1 to 10 iooo con. 


fiſting of 7 Places of Figures. To which are 
ſubjoined the Differences andpr W e Parts, 


by Means of 2915 may be found eaſily the Loga. 
7 — of Numbers to 1000COOO, obſerving 
at the ſame Time that theſe Logarithms conſiſt 
only of 7 Places of Figures. Here are alſo the 
Sines, Tangente, and Secants, with the Loga- 
rithms and Differences for every Degree and 
Minute of the Quadrant, with ſome other Ta. 
bles of Uſe in practical Mathematicks. 
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Of the ORIGIN and NATURE of Logarithms. 


— 


d in Geometry, the Magnitudes of 
7 Lines are often defined by Num- 
j 5 he 1 bers; ſo likewiſe on the other hand, 
it is ſometimes expedient to ex- 
pound Numbers by Lines, viz. by aſſumin 
ſome Line which may repreſent Unity, an 
the Double thereof ; the Number 2, the Triple 


3, the one half, the Fraction 5, and fo on. 


And thus the Geneſis and Properties of ſome 


certain Numbers are better conceived, and 
N 2 more 


100 


4 Fig. 1. 
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more clearly conſidered, than can be done by 
abllenit Numberg:tt fo hn anni tt fs 
Hence, if any Line 4 * be drawn into it. 
ſelf, the Quantity 4: produced thereby, is not 
to be taken as one of two Dimenſions, or as 


2 Geometrical Square, whoſe Side is the Line 
24, but as a Line that is a third Proportional 
. to ſome Line taken for Unity and the Line 


4. So likewiſe, if-a* be multiplied by a, the 
Product , will not be a Quantity of three 
Dimenſions, or a Geometrical-Cube, but a 
Line that is the fourth Term in a Geome. 
trical-Progreſſion, whoſe firſt Term is 1, and 
ſecond a; for the Terms 1, a, a*, 4, 4, 4 4“, 
a”, Sc. are in the continual Ratio of 1 to 4. 
And the Indices affixed to the Jermy ſhew 
the Place or Diſtance that every Term is from 
Unity. For Example, a* is in the fifth Place 


from Unity, 2“ is the ſixth, or ſix times more 


Diſtant. from Unity, than 4, or 47, which 


immediately follows Unity. 


If between the Terms 1 and 4, there be put 
a mean Proportional which is / 4, the In- 
dex of this will be 5, for it's Diſtance from 
Unity will be one half of the Diſtance of 4 
from Unity; and ſo a5 may be written / 4. 
And if a mean Proportional be put between 
a and 4*, the Index thereof will be 1 f or 5, 
for-it's Diſtance will be ſefquialteral of the 
Diſtance of à from Unity. 

If there be two mean Proportionals put be- 
tween 1 and 4; the firſt of them is the Cube 
Root of 4, whoſe Index muſt be £, for that 
Term is diſtant from Unity only by a third 
Part of the Diſtance of 


and 


s? 
ww. 4þ 


4 from Unity 


| 
| 


. 


and ſo. the Cube. Root muſt be expreſſed hy 
43. Hence, the Index of Unity is o. for Unity 
is not diſtant from it ſelf. NN 
The ſame Series of Quantities, Geometri- 
cally Proportional, may be both ways conti- 
nued, as well deſcending towards the Left 
Hand, as aſcending towards the Right; for 

˖ 1 1 51M 1 
the Terms — — — — — 1, 4, 4, 

% , e , bg: 
4, a*, a", fc. are all in the ſame Geometri- 
cal Progreſſion. And ſince the Diſtance of 4 
from Unity is towards the Right Hand, and 
poſitive or + 1, the Diſtance equal to that 
on the contrary Side, viz. the Diſtance of 
; f 
of the Term — will he Negative or —'1, 
A 
I 

which ſhall be the Index of the Term — for 


fit 
which may be written 4 —*. So likewiſe 
in the Term 4—*. The Index — 2 ſhews that 
that Term ſtands in the ſecond Place from 


Unity towards the Left Hand, and the Terms 


2— and = are of the ſame Value. Alſo 


a 
4 I Fa f . 
4— is the ſame as ir For theſe negative In- 


dices ſhew that the Terms belonging to them, 
go from Unity the contrary way to that, by 
which the Terms whoſe Indices are poſitive 
do. Theſe Things premiſed. 
If on the Line AN, Fig. 2. both ways indefi- 
nitely extended, be taken, AC, CE, E G, 715 
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IL, on the right Hand. And alſo A r, T N, f&c. 
on the left, all equal to one another. And 
if at the Points n; r, A, C, E, G, I, L, be e- 


reed to the Right Line AN, the Perpen. Þ 


diculars n x, ra, AB, CD, EF, GH, IK, 
LM, which let be continually proportional, 
and repreſent Numbers, whereof A B is Unity. 
The Lines AC, AE, AG, AI, AL—Ar, 
—A n, reſpectively expreſs the Diſtances of 
the Numbers from Unity, or the Place and 


Order that every Number obtains in the Series 


of Geometrical-Proportionals, according as it 
is diſtant from Unity. So ſince AG is triple 
of the Right Line A C, the Number G H 
ſhall be in the third Place from Unity, if 
CD be in the firſt : So likewiſe ſhall LM 
be in the fifth Place, ſince AL=5 AC. If 
the Extremities of the Proportionals =, a, B, 
D, F, H, K, M, be joined by Right Lines, 
the Figure zn LM will become a Poly- 
gon conſiſting of more or leſs Sides, according 
as there are more or leſs Terms in the Pro- 
greſſion. | 

If the Parts AC, CE, EG, GI, I L, be 
biſected in the Points c, e, g, i, l, and there 
be again raiſed the Perpendiculars c 4, ef, g b, 
i E, Im, which are mean Proportionals be- 
tween A B, CD; CD, E F; E F, GH; GH, 
IK; IK, LM; then there will ariſe a new 
Series of Proportionals, whoſe Terms begin- 
ning from that, which immediately follows 
Unity, are double of thoſe in the firſt Series, 
and the Difference of the Terms are become 
leſs, and approach nearer to a Ratio of Equa- 


lity than before. Likewiſe in this new Series, 


the 


the Right Lines A L, A C, expreſs the Di- 
ſtances of the Terms LM, C D, from Unity, 
vi. Since A L is ten times greater than A c, 


LM ſhall be the tenth Term of the Series 


from Unity: And becauſe A e is three times 
greater than Ac, ef will be the third Term 
of the Series, if c d be the firſt ; and there 
ſhall be two mean Proportionals between A B 
and e f, and between A B, and LM, there will 
be nine mean Proportionals. | 

And if the Extremities of the Lines B 4 
DFF H, ec. be joined by Right Lines, 
there will be a new Polygon made conſiſting 
of more, but ſhorter Sides than the laſt. 

If again, the Diſtances A c, c C, Ce, e E, 
e. be ſuppoſed to be biſected, and mean Pro- 
ele between every two of the Terms, 

conceived to be put at thoſe middle Diſt- 
ances; then there will ariſe another Series of 
Proportionals, containing double the Number 
of Terms from Unity than the former does ; but 
the Differences of the Terms will be leſs ; and 
if the Extremities of the Terms be joined, the 
Number of the Sides of the Polygon will be 
augmented according to the Number of Terms; 
and the Sides thereof will be leſs, becauſe 
of the Diminution of the Diſtances of the 
Terms from each other. 

Now in this new Series, the Diſtances A Ly 
AC, tec. will determine the Orders or Places 
of the Terms; viz. if A L be five times greater 
than A C, and CD be the fourth Term of 
the Series from Unity, then L M will be the 
twentieth Term from Unity. 11 
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If in this Manner, mean Proportionals be 
continually placed- between every two Terms, 
the Number of Terms at laſt will be made 
ſo great, as alſo-the Number of the Sides of 
the Polygon, as to be greater than any given 
Number, or to be-infinite ; and-every Side of 
the Polygon ſo leflened, as to become leſs than 
any given Right Line ; and conſequently the 
Polygon will be changed into a Curv-lin'd 
Figure; for any Curv-lin'd Figure may be 
conceived as a Polygon, whoſe Sides are in- 
finitely ſmall and infinite in Number. 

- A Curve deſcribed after this Manner, is 
called Logarithmical; in which, if Numbers 
be repreſented by Right Lines ſtanding at 
Right Angles to the Axis A N, the Portion 
of the Axis intercepted between any Number 
and Unity, ſhews the Place or Order that that 

Number obtains in the Series of Geometrical 
Proportionals, diſtant from each other by e- 
qual Intervals. For Example, if A L be five 
times greater than AC, and there are a thou- 
ſand Terms in continuat Proportion from 
Unity to L M; then will there be two Hun- 
dred Terms of the ſame Series from Unity 
to C D, or CD ſhall be the two hundredth 
Term of the Series from Unity; and let the 
Number of Terms from A B to L M be ſup- 
ofed what it will; then the Number of Terms 
from AB to CD, will be one fifth of that 
Number. A 

The Logarithmical-Curye may alſo be con- 
ceived to be deſcribed by two Motions, one 
of which is equable, and the other accelera- 
ted or retarded according to a given Ra. 

or 


For Example, if the Right Line A B, moves 
uniformly along the Line A N, ſo that the 
End A thereof deſcribes equal Spaces in equal 


Times; and, in the mean time, the ſaid Line 


A B fo increaſes, that the Increments thereof 
generated in equal Times, be proportional to 


the whole increaſing Line, that is, if A B in 
going forward to c d, be encreaſed by the 
Increment o d, and in an equal Time, when 


it is come to C D, the Increment thereof is 


Dp, and D p to dc, is as do is to A B, that 
is, if the Increments generated in equal Times 


are always proportional to the Wholes; or, 
if the Line AB moving the contrary Way, 
diminiſhes in a conſtant Ratio, ſo that while 


it goes thro' the equal Spaces, A r, rn the 


Decrements A B — r a, ra—n E, are Pro- 
portionals to A B, r a, Then the End of the 


Line increaſing or decreaſing in the ſaid 
Manner, deſcribes the Logarithmical-Curve: 


For ſince AB: do:: de: Dp:: DC: Fg, it 


ſhall be (by Compoſition of Ratio) as A B: 


de:: de:D C:: DC: fe. and fo on. 

By theſe two Motions, viz. the one eguanicy 
and the other proportionally accelerated-or re. 
tarded, the Lord Neper laid down the Origin 


of Logarithms, and call'd the Logarithm of 


theSine of any Arc, That Number which neareſt 
defines a Line that equally encreaſes, while, iu the 
mean time, the Line expreſſing the whole Sine 


proportionally decreaſes to that Sine. 
It is manifeſt from this Deſcription of the 


Logarithmic-Curve, that all Numbers at e- 
qual Diſtances are continually proportional. 
It is alſo plain, that 8 there be four Num- 


bers 
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bers A B, C D, I K, LM, ſuch, that the Di. 
ſtance between the firſt and ſecond, be equal to 
the Diſtance between the third and the fourth: 
Let the Diſtance from the ſecond to the third 
be what it will, theſe Numbers will be pro. 

ortional. For becauſe the Diſtances A C, 

L, are equal, A B ſhall be to the Increment 
D, as IK is to the Increment MT. Where. 
fore (by Compoſition) AB: DC:: IK. 
ML. And contrariwiſe, if four Numbers 
be proportional, the Diſtance between the firſ 
and the ſecond, ſhall be equal to the Diſtance 
between the third and the fourth. 

The Diftance between any two Numbers, 
is called the Logarithm of the Ratio of thoſe 
Numbers, and indeed doth not meaſure the 
Ratio itſelf, but the Number of Terms in a 
given Series of Geometrical Proportionals, 
proceeding from one Number to another, and 
defines the Number of equal Ratio's, by the 
Compoſition whereof the Ratio of Numbers 
are known. | 133 

If the Diſtance between any two Numbers 
be double to the Diſtance between two other 
Numbers, then the Ratio of the two former 
Numbers ſhall be the Duplicate of the Ratio 
of the two latter. For let the Diſtance I L 
between the Numbers I K, LM, be double 
to the Diſtance A c, between the Numbers 
AB, c4; and ſince 1 L is biſected in /, we 
haye Ac =I /=/ L; and the Ratio of IK 
to I m, is equal to the Ratio of A B to cd; 

and ſo the Ratio of I K to L M, the Dupli- 
cate of the Ratio of I K to /m, (by Def. 10. 
El. 5.) ſhall be the Duplicate of the Ratio 
of AB to cg. | In 
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In like Manner, if the Diſtance E L be 
triple of the Diſtance A C, then will the 
Ratio of EF to LM, be triplicate of the 
Ratioof AB to C D: For becauſe the Diſt. 
ance 1s triple, there ſhall be three times more 
Proportionals from E F to LM, than there 
are Lerms, of the ſame Ratio, from A B to 
CD; and the Ratio of EF to LM, as alſo 
of ABto CD, is compounded of the equal 
intermediate Ratio's, (by Def. 5. EL 6.) And 
ſo the Ratio of E F to LM, compounded of 
three times a greater Number of Ratio's, ſhall 
be triplicate of the Ratio of A B to CD. 
So likewiſe if the Diſtance G L be quadruple 
of the Diſtance A c, then ſhall the Ratio of 


H to LM, be quadruplicate of the Ratio 


of AB to cd. 

The Logarithm of any Number, is the 
Logarithm of the Ratio of Unity to. that 
Number, or it is the Diſtance between Unity 
and that Number. And ſo Logarithms ex. 
preſs the Power, Place, or Order which every 
Number, in a Series of Geometrical-Progreſ- 
ſionals obtains from Unity. For Example, 
if there be 10.000.000 proportional Numbers 
from Unity to the Number 10, that is, if 
the Number 10 be in the 10.000. ooh Place 
from Unity; then it will be found, by Com- 
putation, that in the ſame Series from Unity, 
to 2 there are 3.010.300 proportional Terms, 
that is, the Number 2 will ſtand in the 
3.010. zoo Place. In like Manner, from Uni. 
ty to 3, there will be found 4.771.213 pro- 
portional Terms, which Number defines the 
Place of the Number 3. The Numbers 

O 2 10.000 
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10,000:000, 3.010.300, 4.771.213, ſhall be the 
Logarithms of the Numbers 10, 2, and 3. tic 
If the firſt Term of the Series from Unity C 
be called y, the ſecond: Term will be , the A 
third y*. £&#c. And ſince the Number 10 is ſh: 
the 10,000,000" Term of the Series, then th 
will 9*2*****? — 10. Alſo y'***?*?? =2. Alſo of 
g77*2??-— 35 and ſo on. m 
W herefore all Numbers ſhall be ſome Pow. Þ th 
ers of that Number which is the firſt from L. 
Unity; and the Indices of the Powers are the Þ jo! 
Logarithms of the Numbers. 
Since Logarithms are the Diſtances of Ip. 
Numbers from Unity, as has been ſhewn. P. 
The Logarithm of Unity ſhall be o, for Unity fr. 
is not diſtant from jtſelf, but the Logarithms Þ Ft 
of Fractions are negative, or deſcending be. 80 
low nothing, for they go on the contrary ot 
Way. And ſo if Numbers increaſing pro- in 
portionally from Unity, have poſitive Lo- Þ ol 
garithms, or ſuch as are affected with the Þ be 
Sign + ; then Fractions or Numbers in like I 
Manner decreafing, will have negative Loga- ta 
rithms, or ſuch as are affected with the Sign 11 
; which is true when Logarithms are con- is 
ſider'd, as the Diſtances of Numbers from g 
Unity. p L 
But if Logarithms take their Beginning Io 
not from an integral Unit, but from a Unit, 
that is in ſome Place of Decimal Fractions. If 
For Example, from the Fraction ee. ces; Þ © 
then all Fractions greater than this, will have |} | 
poſitive Logarithms, and thoſe that are leſs, | ( 
will have negative Logarithms. But more l 
ſhall be ſaid of this hereafter. 


Since 
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Since in the Numbers continually propor- 
tional, D C, E F, GH, IK, t&c. the Diſtances 
CE, EG, GI, c. are equal, the Logarithms 
AC, AE, AG, AI, Ec. of thoſe Numbers 
ſhall be equidifferent, or the Differences of 
them ſhall be equal: And ſo the Logarithms 
of proportional Numbers are all in an Arith. 
metical-Progreſſion; and from hence proceeds 
that common Definition of Logarithms, that 
Logarithms are Numbers, which being ad- 
joined to Proportions, have equal Differences. 

In the firſt Kind of Logarithms that Ver 
publiſhed, the firſt Term of the continual 
Proportionals was placed only ſo far diſtant 


from Unity, as that Term exceeded Unity. 


For Example, if v# be the firſt Term of the 
Series from Unity A B, the Logarithm there- 
of, or the Diſtance A », or B y, was, accord.. 
ing to Him, equal to vg, or the Increment 
of the Number above Unity. As ſuppoſe v 
be 1,000,0001, he placed 0,000.000.1 for it's 
Logarithm An; and from hence, by Compu- 
tation, the Number 10 ſhall be the 23.025. 850th 
Term of the Series, which Number therefore 
is the Logarithm of 10 in this Form of Lo- 
garithms, and expreſſes it's Diſtance from 
Unity in ſuch Parts whereof v y or A » 1s 


one. 
But this Poſition is entirely at Pleaſure, 


for the Diſtance of the firſt Term may have / 


any given Ratio to the Exceſs thereof above, 
Unity, and according to that various Ratio 
(which may be ſuppoſed at Pleaſure,) that is 
between vy and B y, the Increment of the firſt 


Term above Unity, and the Diſtance of the 


flame 


109 | 


— — — A a . =” SE” 
*— — ht. 1 * 
— . 


— 


"m0 OL OGARITHMS 


ſame from Unity, there will be produced dif. of: 
ferent Forms of Logarithms. BE Ma 
This firſt Kind of Logarithms was after. pig 
wards changed by Neper, into another more] bet 
convenient one, wherein he put the Number I gf 
10, not as the 23.025. 85 0h Term of the Se. xit. 
ries, but the 10.000.000*Þ ; and in this Form 4; 
of Logarithms, the firſt Increment 2 f 
ſhall be to the Diſtance B y, or A », as Unity, Le 
or AB, is to the Decimal-Fractiono,4.342.994, Ine 
which therefore expreſſes the Length of the rer 
Subtangent A T. Fig. 4. of 
After Neper's Death, the excellent Mr. I L. 
Henry Briggs, by great Pains, made and pub- m 

* liſhed Tables of Logarithms according to this N 
Form. Now ſince in theſe Tables, the Lo- of 
garithm of 10, or the Diſtance thereof from F 
in 

ſh 

th 

ol 

P 

N 

F 

il 

0 

E 

I 

t 


Unity, is 10.000.000, and 1, 10, 100, 1000, 
10.900, c. are continual Proportionals, they 
thall be equidiſtant, Wherefore the Loga- 
rithm of the Number 100 ſhall be 2,0000000; 
of 1000, 3,0000000 ; and the Logarithm of 
10.000 ſhall be 4,0000000 ; and ſo on. 
Hence the Logarithms of all Numbers be- 
tween 1 and 10, mult begin with o, or o muſt 
ſtand in the firſt Place to the Left-Hand ; 
for they are leſs than the Logarithm of 
the Number 10, whoſe Beginning is Unity ; 
and the Logarithms of the Numbers between 
10 and 1co begin with Unity; for they 
are greater than 1,0000000, and leſs than 
2,0000000. Alſo the Logarithms between 
100 and 1000, begin with 2, for they are 
greater than the Logarithm of 100, which 
begins with 2, and leſs than the Logarithm 


of 
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if. N of a 1000 that begins with 3. In the ſame 
Manner it is demonſtrated, that the firſt —TY 
r. Figure to the Left-Hand of the Logarithms 
between 1000 and 10.000, muſt be 3; and the 
firſt Figure to the Left-Hand of the Loga- 
rithms between 10.000 and 100.000, will be 
4; and ſo on. | 
The firſt Figure of every Logarithm to the 
Left. Hand, is called the Characteriſtic or 
Index, becauſe it ſnews the higheſt or moſt 
remote Place of the Number from the Place 
of Units. For Example, if the Index of a 
Logarithm be 1, then the higheſt or moſt re- 
- Þ mote Place from Unity of the correſpondent 
© Number to the Left-Hand, will be the Place 
of Tens. If the Index be 2, the moſt remote 
Figure of the correſpondent Number ſhall be 
in the ſecond Place from Unity, that is, it 
' © ſhall be in the Place of Hundreds; and if 
the Index of a Logarithm be 3, the laft Figure 
of the Number anſwering to it, ſhall be in the 
Place of Thouſands. The Logarithms of all 
Numbers that are in Decuple or Subdecuple 
Progreſſion, only differ in their Character- 
iſtics, or Indices, they being written in all 
other Places with the ſame Figures. For 
Example, the Logarithms of the Numbers 
17, 170, 1700, 17.000, are the ſame, unleſs in 
their Indices; for ſince 1 is to 17, as 10 to 
170, and as 100 to 1700, and as 1000 to 
17.000; therefore the Diſtances between 1 and 
17, between 10 and 170, between 100 and 
1700, and between 1000 and 17.000, ſhall be 
all equal. And ſo ſince the Diſtance between 


1 and 17, or the Logarithm of the Number 
17 
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17 is 1.2304489, the Logarithm of the Num. 
| ber 170, will be = 2.2304489, and the Lo- 
| ' garithm of the Number 1700 ſhall be 

3.2304489, becauſe the Logarithm of the 
Number 100==2.0000000, In like Man. 
ner, ſince the Logarithm of the Number 

ICOO = 3.0000000, the Logarithm of the 
Number 17.000 ſhall 4.2304489. 

So alſo the Numbers, 6748. 674, 8. 67, 48, 

6, 748.0, 6748. o, 06748, are continual Pro- 
portionals in theRa- 

tio of 10 to 1; and 6748| 3,8297751 
ſo their Diſtances 674,8] 2,8291751 
from each other ſhall 67,48] 1,8291751 
be equal to the Di- 6,748] 0,8291751 
ſtance or Logarithm 0,67 48 — 1,8292751 
of the Number 10, or 0,067 48 —2,8291751 
equal to 1,0000000. 

And ſo ſince the Logarithm of the Number 
6748 is 3,8291751, the Logarithms of the | 
other Numbers ſhall be as in the Margin ; 
where you may obſerve that the Indices of 
the laſt two Logarithms are only negative, 
and the other Figures poſitive; and ſo when 
thoſe other Figures are to be added, the In- 
dices muſt be ſubſtracted, and contrariwiſe. 
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CHAP IL 
Of the Arithmetick of Logarithns 
in whole Numbers, or wholeNum- 
bers adjoined to Decimal Fracti- 
ons. Fig. a. 


ECANECAUSE, in Multiplication, 
FAA Unity is to the Multiplier, as the 
$9. Ih Multiplicand is to the Product, 

the Diſtance between Unity and the 
Multiplier, ſhall be equal to the Diſtance be- 
tween the Multiplicand and the Product; if 
therefore, the Number G H be to be multi- 
plied by the Number E F, the Diſtance be. 


tween G H and the Product, muſt be equal 


to the Diſtance A E, or to the Logarithm 


of the Multiplier ; and fo if G L be taken 
equal to A E, the Number L M ſhall be the 
Product, that is, if to the Logarithm of the 
Multiplicand A G be added, the Logarithm 
of the Multiplier A E, the Sum ſhall be the 
Logarithm of the Product. 


In Divifion, Unity is to the Diviſor, as the 
Quotient is to the Dividend, and ſo the Di- 
ſtance between the Diviſor and Unity, ſhall 


be equal to the Diſtance between the Divi- 


dend and the Quotient. So if LM be to be 


divided by E F, the Diſtance E A ſhall be 
Jags; P "- 
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equal to the Diſtance between LM and the 
Quotient, and ſo if LG be taken equal to 
E A, the Quotient will be at G; that is, if 
from A L, the Logs jthm of the Dividend, 
be taken G L, or X E, the Logarithm of the 
be 1 will remain A G, the Loga. 
rithm, of the Quotient. 
| Ang from how it appears, that whats. 
ever Operations in common Arithmetick are 
Jerfarinel by mul tiplying or arriging oggreat 
Numbers, may be much teaſſer, and more ex- 
peditiouſlydone by the Additionor'Subtrattion 
of Logarithms. 

Let, for Example, the Number 7589 be to 
be multiplied by 6757. Now, if the Loga. 
rithms of thoſeNumbers 

be added together, as in Log. 3. 8801846 
the Margin their Sum Log. 3. 8297539. 
will be the Logarithm Log. 7. 7099385. 
of the Product, whoſe 


Index 7 ſhews that there are ſeven Places of F 


Figures, beſides Unity, in the Product; and 
in ſeeking this Logarithm in Tables, or the 
neareſt equal to it, I find that the Number 
anſwering thereto, which is leſs than the 
Produtt is 51278000, and the Number greater 
than the Product is 5 1279000, and if the ad- 
joined Differences and proportional Parts be 
taken, the Numbers that muft be added to 
the Place of Hundreds and Tens in the Pro- 
duct are 87, and that which muſt be added 
in the Place of Unity, will neceſſarily be 3, 
' ſince ſeyen times nine 63, and ſo the true 
Product ſhall be 51278873. If the Index of 
the Logarithm had been 8 or 9, then the 
Numbers 
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Numbers. to be added in the Place of Hun. 
dredths or Tenths,' could not be had from 


thoſe Tables of Logarithms, which conſiſt of 


but 7 Places of Figures, beſides the Charatt- 
eriſtick, and ſo in this Caſe, the Vlacguian 
or Briggian Tables ſhould be uſed ; in the 
former-of 'which, the Logarithms are all to 
ten Places of Figures, and in the latter to four. 
teen. 1 ti 33 B07 

he l. be divided by 27G, Log: 4. 8 

to ivided by 278, g. 5400 

by ſubtracting the Loga- Log. 2 — — 
rithm of the Diviſor from Log. 2. 4513556 
the Logarithm of tze 
Dividend, the Logarithm of the Quotient 
will be had. And to this Logarithm, the 


A 


W 282, 719 anſwers; which therefore 


all be the Quotient. 

Becauſe Unity, any aſſumed Number, the 
Square thereof, the Cube, the Biquadrate, c. 
are all continual Proportionals, their Diſtances 
from each other ſhall be equal to one another. 
And ſo it is manifeſt, the Diſtance of the 
Square from Unity, is double of the Diſtance 
of its Root from the ſame: Alſo the Diſtance 
of the Cube, is triple of the Diſtance of its 
Root; and the Diſtance of the Biquadrate, is 
quadruple of the Diſtance of its Root from 
Unity, esc. And ſo if the Logarithm of any 
Number be doubled, we ſhall have the Loga. 
rithm of its Square; if it be tripled, we ſhall 
have the Logarithm of its Cube, and if it be 
quadrupled, the Logarithm of it's Biquadrate. 
And contrariwiſe, if the LED of any 
Number be biſected, we have the Lo- 
N 2 garithm 


I ty 


4 
N 
: 
j 
| 
N 
- 

2 


116 Of LOGARITHMS, 


garithm of the Square-Root thereof: More; 
over, a third Part of the ſaid Logarithm, 
will be the Logarithm of the Cube. Root of the 
Number; and a fourth Part, the Logarithm 
of the Biquadrate-Root of that Number. 
Hence, the Extraction of all Roots are eaſily 
performed, by dividing a Logarithm into 
as many Parts as there are Units in the In. 
dex of the Power. So if you want the Square. 
Root of 5, the half of a, 69897 muſt be 
taken, and then that half o. 3494850 will be 
the Logarithm of the Square-Root of 5, or 
the Logarithm of / 5, to which the Num. 
ber 2.23606 nearly anſwers, 


CHAP. II. 


Of the Arithmetick of Logarithms, 
when the Numbers are Fracti- 
ons, Fig. 3. | 


HEN Fractions are to be work- 
ed by Logarithms, it is neceſ- 
1 ſary, for avoiding the Trouble 

of adding one Part of a Loga- 
rithm, and ſubtracting the o- 
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ther, that Logarithms do not 
— begin from an integral Unit, 
but from ſome Unit that is the tenth or hun- 
ij dredth 


dredth Place of Decimal-Fraftions : For Ex. 
mene 


ample, let P O beto050000090 and from this 
let the Logarithms begin. Now this Fraction 
is ten times more diſtant from Unity to the 
Left Hand, than the Number 10 is diſtant there 
from to the Right; for there are 10 proporti- 
onal Terms in the Ratio of 10 to 1, from Unity 
to PO. And ſo if A B be Unity, the 
Logarithm thereof, according to this Suppo- 
ſition, will not be o, but O A will be = 
10.0000C00 ; for the Diſtance of any Tenth 
from Unity is 1.0co0000, whence the Diſt- 
ance of the Number 10 from PO will be 
11, 00CO00CO. Alſo the Diſtance of the Num- 
ber 100 from PQ, or it's Logarithm, be- 
ginning from PO, ſhall be 12.0000000, and 
the Logarithm of 1000, or the Diſtance from 
PO, will be 13.000 0000. And thus, the 
Indices of all Logarithms are augmented by 
the Number 10; and thoſe Fractions whoſe 
Indices are — 1, or, — 2, or — 3, Ec. are 
now. made 9, 8, or 7, Fc. | 

But if Logarithms begin from the Place 
of a Fraction, whoſe Numerator is Uaity, and 
Denominator Unity with 100 {'yphers added 
to it, (which they muſt do when Fractions 
occur that are leſs than PO) then that Fra- 
ction will be 100 times more diſtant from 
Uaity, than 10 is diſtant from it; and ſo 
the Logarithm of Unity will have 100 for 


the Index thereof. And the Logarithm of 
any Tens will have 101 for the Index, that 


of any Hundreds 102, and ſo on; all the In- 


dices being augmented by the Number 0D. 
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The Logarithms of all Fractions that are 
greater than PO (whereat they begin) will be 
poſitive. ' And ſince the Numbers 10, 1, 75 
735, 5, Sc. are in a continued Geometrical 
Progreſſion, they will be equally diſtant from 
each other; and accordingly their Logarithms 
will be equidifferent : And fo when the Lo- 
garithm of 10, is 11. ©000000, and the Lo. 

arithm of Unity is 10. ocooooo, and the 

garithm of the Fraction will be 9.000000, 
and the Logarithm of the Fraction =; will 
be 8. ooo, and in like manner, the Index 
of the Logarithm of ig will be 7. Alſo 
for the ſame Reaſon, if the Index of the Lo- 
garithm of Unity be 1co, and of 10 be 101, 
then will the Index of the Logarithm of the 
Fraction , be 99, and the Index of the Lo. 

arithm of ; will be 98, and the Index of 
* of the Fraction ss ſhall be 97, 
- And theſe Indices ſhew in what Place 
rom Unity, the firſt Figure of the Fraction, 
not being a Cypher, muſt be put. For Ex. 
3 — if the Index be 4, the Diſtance there. 
of from the Index of Unity, (which is 10) 
viz. 6, ſhews that the firſt ſignificative Figure 
of the Decimal, is in the ſixth Place from 
Unity; and therefore, five Cyphers are to be 
prefixed thereto towards the Left-Hand. So 
alſo if the Index of Unity be 100, and the 
Index of the Fraction be 80, the firſt Figure 
thereof ſhall be in the 20th Place from Unity, 
and 19 Cyphers are to be prefixed thereto. 
Now, let it be required to multiply the 
Fraction G H by the Fraction D K Be. 
cauſe Unity is to the Multiplier, as the Mul- 

FA tiplicand 


— — — nn 
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tiplicand is to the Product; theDiſtancebetween 

Unity and the Multiplier ſhalt be equal to 

the Diſtance between the Multiplicand and N 
al the Product. Therefore if there be taken | 
m1 S1 AC, the Product I K ſhall be at I. 

ns And accordingly, if from O G, the Loga- 

>. rithm of the Multiplicand, there be taken G I 

5. or AC, there will remain OI, the Loga- = 
* rithm of the Product. But A CO A „ 
„ | OC, which taken from OG, there will re- 1 
I main O G+OC—OA=—O1, that is, if 41 
- | the Logarithm of the Multiplier 'and Mul- 1 1 
, | fiplicand be added together, and from the 
dum be taken the Logarithm of Unity, (which 29 
9 


| 
| 


Iu 


is always expreſſed by 10 or 100 with Cy- 
phers) the Logarithm of the Product will 
be had. For Example, let the Decimal- Fracti. 22 
on ©, 00734 be to be multiplied by the Fracti. „ 
on ©, 000876. Set down 100 for the Index 5 
Jof the Logarithm of Unity, and then the | 0 
Logarithms of the Fractions will be as in the 1. 
Margin, which being added together, and 7 
the Logarithm of Unity being MFR AY 
taken away from the Sum, the 9,8656961 
Remainder 'is the Logarithm 96,9425041 | 
of the Product, whoſe Index 94 94,8082002 SO 
ſhews that the firſt Figure | 


| 

| 

| 

| 

the Product is in the ſixth Place from U ity, 3; N 

and ſo there muſt be five Cyphers pretixed, i 

and then the Product will be 00000642984 0 

In Diviſion the Diviſor is to Unity, as 
the Dividend is to the Quotient; and fo the 

. Diſtance between the Diviſor and Unity ſhal | 

be equal to the Diſtance between the Diri- 

dend and the Quotient. And ſo if the * 


1 ˙² a ⅛BJJ x  e ero—_— e__—_ > —— 
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on I K be to be divided by D C, you mu 
take IG = CA, and the Place of the Quo. 
tient ſhall be G. But C A O A- OC 
which being added to OI, we have O A414 
OI—-O0C=0G, that is, if the Logarithm ] 80 
of Unity be added to the Logarithm of the] dr 
Dividend, and from the Sum be taken the tit 
Logarithm of the Diviſor, there will re. A 
main the Logarithm of the Quotient; ſo if -- 
the Number CD be to be divided by 1K, 
you muſt take the Diſtance C S = 1 A, and} tt 
then 8 T will be the Quotient, wheſe Loga. II 
rithm is OA + OC—OL Let CD = 
o. 347, IK o. 00478. Then add the Lo. 0 
garithm of Unity to the Logarithm of CD, 
that is, put 1 or 10 before 
the Index thereof, and from 19. 540329; || 
that ſuhtract the Logarithm 7. 6794279 
of the Diviſor, and the Re. 11. 8609016 
mainder will be the Log. 
rithm of the Quotient, whoſe Index 11. ſhews . 
that the Quotient is between the Numbers 
10 and 100; and J ſeek the Number anſwer. 
ing the Logarithm, which 1 find to be 72,15 
549. If the Logarithm of a Vulgar. Fraction, 
for Example, 4 be required, 2 10 
the Logarithm of Unity muſt 10. 8450980 
be added to the Logarithm of o. 90309co 


the Numerator 7, or which is 9. 9420080 
all one, you muſt put 10 or 


| ioo before the Index thereof, and ſubduct from 
| it the Logarithm of the Denominator 8, and 
there will remain the Logarithm of the Vul- 


[ 
| 


On ©, = COX Oo | = — 


If the Powers of any Fraction D C be re. 


FT quired, you muſt aſſume EC, E G, GI, IL, 


each equal to A C; and then E F will be the 
Square, G H the Cube, and I K the Biqua- 
drate of the Number DC; for they are con. 
tinually Proportional from Unity. Beſides, 
AE=2AC=2AO—2O0C, whence OE 


S=OA—AE=2O0C—AO, that is, the 


Logarithm of the Square is the Double of 
the Logarithm of the Root, leſs the Loga- 
rithm of Unity. In like Manner, fince A G 
= 3 ACSM OA —-3 OC, we ſhall have 
OGS OA - AGS OC - 20A 
the Logarithm of the Cube = triple the Lo- 
garithm of the Root leſs the Double of the 
Logarithm of Unity. For the ſame Reaſon, 
becauſe AI = 4A C= 40 A- 40 C, we 
have O1 = 66 — 3 OA, which is the 
Logarithm of the Biquadrate. And univer- 
ſally, if the Power of a Fraction be », and 
the Logarithm L, then ſhall the Logarithm 
of the Power » =» l- O A + OA, that 
is, if the Logarithm of a Fraction be multi- 
plied by u, and from the Product be taken 
the Logarithm of Unity, multiplied by 2 — 
1, the Logarithm of the Power z of that 

Fraction will be had. N 
For Example, if it is required to find the 
6th Power of the Fraction 25 =. 05 the Lo- 
garithm of this Fraction is 8. 6989700, which 
being multiplied by 6, gives the Number 52. 
1938200; and if from 52 the Number 50, 
which is the Index of the Logarithm of Unity 
drawn into 5, be taken away, the Remainder 
will be the 8 the 6th Power, vi. 
2. 
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2. 1938200, to which the Number, oo000c0- ” 
15625 anſwers. For the Index 2 ſhews that I ſo 
7 Cyphers muſt be put before the firſt Figure. th. 


If the 8th Power of the Fraction, .o5 be I th. 
required, by multiplying the Logarithm by 
8, there will be produced 69. 5917600, and — 
ſince 70, which is ſeven times the Index of | © 
the Logarithm of Unity, cannot be taken from 
69, unleſs we run into negative Numbers 
the Index of the Logarithm of Unity muſt 
be ſuppoſed 100, and then the Index of the 
Logarithm of the Fraction will be 98. Now 


this Logarithm drawn into 8 gives 789. 0 
$917600, and if 700, which is 7 times the e 

ndex of the Logarithm of Unity be taken F 
from 789, there will remain 89. 5917600, F 
the Logarithm of the8th Power of the Fracti- t 


on , Whoſe correſpondent Number is, 
«0000000000 3 9062, for ſince the Index is 89, t 
and the Difference thereof from 100 is 11; 
the firſt ſignificant Figure of the Fraction 
ſhall be in the 11th Place from Unity ; and 
ſo there muſt 10 Cyphers be placed before it. | 
If the Roots of the Powers of Fractions 
be deſired, for Example, the Square Root 
of the Fraction E F, becauſe the Root is a | 
mean Proportional between the Fraction and 
Unity, you muſt biſet AE in C, and then CD 
will be the Square Root of the Fraction E F. 
OA—OE 
But AC A AE and ſo OC the Loga- 
2 


: | OA-+OE 
rithm of the Root=OA—A C=——— And 


| 2 
if the Cube Root of the Fraction G H be 
2.4, # ſought, ; 
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ſought, this ſhall be the firſt of two mean 
Proportionals between Unity and G H ; and 
ſo if A G be divided into three equal Parts, 
the firſt of which is AC; then CD ſhall be 
the Root ſought, and becauſe AC AG 
OA—OG | 
——  —, if this be taken from O A, there 
3 
20A+O0G 
will remain —— 2 OC = Loga- 


3 
rithm of the Cube Root of the Fraction G H. 
So likewiſe the Biquadrat Root of the Fracti- 
on I K will be had, by dividing A into four 
equal Parts, for the Root is the firſt of three 
mean Proportionals between Unity and the 
Fraction, and conſequently if AC=+ AI, 
then will CD, be the Biquadrat Root of 
OA—OI 


the Fraction IK. But; AI and ſo 
4 


| 30A+Ol 
OC=O0A—AC= — — 


And univerſally, if the "Ol. of any Power 

2 of the Fraction L M be required, the 

Logarithm of the Root thereof will be 
zOA—OA+0L 

. that is, if the Num- 


[| 


7 
ber 1 1 be prefix'd to the Index of the Lo. 
garithm, and the Logarithm thus augmented 
be divided by u, the Quotient will give the 
Logarithm of the Root ſought. So if the 


Cube Root of the Fraction £ or .5 be ſought, 


you muſt place 2 = » — 1 (ſince the Cube 
| Q 2 Root 
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Root is required) before the Logarithm there. 
of, and there will be had 29, 6989700, a third 
Part of which is 9, 8996566, which is equal 
to the Logarithm of the Cube Root of the 
Fraction , and the Number ,7937 anſwer. 
ing to this Logarithm, is the Root ſought, 


CHAP. IV. 


Of the Golden Rule of Proportion by 
Logarithms, : 


HE Rule of Proportion ſhews how, 
by having three Numbers given, a 
2 1 fourth Proportional to them may 
be found, viz. if the ſecond and 

hird Terms be multiplied by one another, 
and the Product divided by the firſt Term, 
then will the Quotient be the fourth Pro. 
ortional Term ſought. But this fourth 
erm is much eaſier found by Logarithms ; 
for if the Logarithm of the firſt Term be 
taken from the Sum of the Logarithms of 
the ſecond and third Term, the Number re. 
maining will be the Logarithm of-the fourth 

fought, | 
Or this may be done ſomething eaſier yet, 
if inſtead of the Logarithm of the firſt Term 
be taken it's Complement Arithmetical, or 
the Difference of that Logarithm, and the 
6 Number 
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Number 10. 0000000, which is done by ſet. 


ting down the Difference between each Fi. 
gure of the Logarithm, and the Figure 9: 
for then if that Arichmetical.Complement be 
added to the Sum of the other two Loga- 
rithms, and if Unity, which is the firſt Figure 
to the Left-Hand, be taken from the Sum, 
the Remainder will be the Logarithm of the 
fourth Term ſought ; and ſo by this way Lo- 
garithms of the fourth Term is found by only 
one Addition of three Numbers. The Rea- 
ſon of this will be manifeſt from hence: Let 
there be three Numbers A, B, C, from which 
the firſt is to be taken from the Sum of the 
ſecond and third, Now this may not only 
be done by the common Way, but likewiſe, 
if there be any other third Number E, taken, 
and from this there be taken A, there will 
remain E—A, and if the Numbers B, C, and 
E — A be all added together, and from their 


Sum be taken E, there will remain B+ C—A. 


So if the Number 15 be to be taken from 
23, take the Complement of the Num- 

ber 15 to 100, Which is 85, and add 85 
this Number to 23, and the Sum will 23 
be 108, from which 100 being taken, 108 
there remains the Number 8. 

Here follow ſome Trigonometrical-Exam- 
ples of the Rule of Proportion ſoly'd by Lo- 
garithms. | 

Let A BC be a Right. lined Triangle, where. 
in are given, the Angle A 36 Degrees 46 
the Angle B 98 Degrees 32, and the Side 
BC 3478, the Side AC is required. Say 
(by Caſe 1. of Plain Trig.) as the Sine of the 


Angle 
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Angle A is 

to the Sine Arith. Comp. 8, A. o. 2228938 
of the An- Log. Sin. B. 9. 9951656 
gle B, ſo is Log. BC. 3. 5413296 
BC to AC. Log. A C. I. 3. 7593890 
And becauſe 


the Logarithm Sine of the Angle A is the 
firſt Term of the Analogy, I ſubſtitute it's 
Complement-Arithmetical for the ſame, and 
add the Logarithm of B C, the Logarithm 
of 8, B. and the ſaid Complement all three 
together, and reject Unity, which is in the 


firſt Place to the Left-Hand, and then the 


Logarithm of the Side A C will be given, 
and the Number anſwering thereto is 5706, 
306 equal to the Side ſought A C. 

Let there be a ſpherical Triangle A BC, 
in which are given all the Sides, viz. B C. 
== 30 Degrees, A B = 24 Degrees 4, and 
A C==42 Degrees 8, the Angle B is requi- 
red. Let BA be produced to M, fo that 
BM BC, then will AM the Difference 
of the Sides B C, B A, be equal to 5 Degrees 
56. Now (by Caſe 11. in Oblique.angled 
Spherical-Triangles) ſay, as the Rectangle 
under the Sines of the Legs, AB. BC. is to the 
Square of Radius, ſo is the Rectangle under the 
| AC+AM AC—AM 
SinesoftheArc —————,——— tothe 

2 2 

Square of the Sine of one half the Angle B. 
__AC+AM AC—AM 

But ——=24 Degrees 25, and 


| tal 2 
== 18 Degrees 6; and becauſe the firſt * 
5 | 0 
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of the Analogy is the Rectangle under the 
Sine of AB, BC, and ſecond Term is the 
Square of-Radius, the Sum of the Logarithm 
Sines of A B, B C, muſt be taken from double 
the Logarithm of Radius, and what remains 
muſt be added to the Sum of the Logarithm 
ACHAM AC—AM, 
S, of ————, & —— ——- which is 
2 "oh 

the ſame as if the Logarithm Sines of each 
of the Arcs A B, BC, were ſubtracted from 

the Log. 
Log. S, BC Comp. Arith. o. 3010299 of Radi- 
Log. S, AB rams. — Ls 898364 us, or if 


AC+ theCom. 
Log. S, —— —— 9.609880; plements 
2 Arith - 
AC—AM metical 

Log. S, — 9.4923083 of theſe 
| Sines be 


T4. | 
2. Log. 8, Angle B. 19.7930549 taken, & 


the Com. 
plements and the ſaid Sines be all added to- 


gether ; then ſhall the Sum be the Logarithm 


of the Square of the Sine of half the Angle 
B. And ſo the half of the Logarithm 
9. 8965274 is the Logarithm Sine of half the 


Angle B = 51 Degrees 59. 56”, and the 


Double of this Angle ſhall be 103 Degrees 
59, 52” , which was ſought. 
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of the continual Increments of pro- 
Portional Quantities, and 


"” 5 find by Le run any Term 


in à Series of Proporttonals, 


either increaſing or decreaſs "ug. 


Fig. 3. 


1 8 F any where in the Axis of 
. the Logarithmical Curve, 
1 V yg there be taken any Number of 
I equal Parts S V, VX, YQ, 
2 4 . 7 dep at Foc Points Af 
tc. be raiſed the Per- 
I (OY — pendiculars ST, VX, VIZ. 
Qu, Fc. I from the Nature of the Curve 
ſhall all theſe Perpendiculars be continually 
proportional; and therefore alſo the continu- 
al Increments X x, Z 2, n , ſhall be propor- 
tional to their Wholes: For ſince ST: V X:: 
VX: IZ: : T2: Qn, it ſhall be (by Di. 
viſion of Proportion ) ::: 
YZ: nx, and (by Tr F of Proportion) 
VX: XX: : IZ: Z EZ:: On: n=. Hence, 
if Xx be any part of any Right Line 8 T, 


then will Z z be the ſame Part of the Right 
ine 


Line VX, and alſo n « the ſame Part of the 
Right-Line Y Z. For Example; if X& be 
the 2 Part of S T, then will 7 = V3, 
and nz» =— YZ; or which comes to the 
ſame, we ſhall have VX=ST+< ST, 
TY.” 2% VX. A Qn = 2 
Now make, as S8 T is to V X, ſo is Unit 
AB to NR; then ſhall AN=SV; an 
ſo each of the Right Lines SV,VY, YQ, 
bc. ſhall be equal to the Logarithm of R N, 
and A V, the Logarithm of the Term V X 


ſhall be _ to AS+AN= Logarithm 


of S T + Logarithm of NR. Alf AY, the 
Logarithm of the Term Y Z, ſhall be equal 
toAS+2 AN=TLogarithmS T + 2 Lo- 
garithm NR, and AQ, the Logarithm of 
the Term Qn ſhall be equal to AS+3 AN 
= Logarithm ST + 3 Logarithm N R. 
And univerſally, if the Logarithm of the 
Number N R be multiplied by a Number, 
expreſſing the Diſtance of any Term from the 
firſt, and the Product be added to the Loga- 
rithm of the firſt Term, then will the Loga- 
rithm of that Term be had : But if a Series 
of Proportionals be decreaſing, that is, if the 
Terms diminiſh in a continual Ratio, and Qn 
be the firſt Term; then the Logarithm 
of any other will be had, in multiplying 
the Logarithm of the Number N R, by a 


Number that expreſſes the Diſtance of it's 
Term from the firſt, and ſubtracting the Pro- 
duct from the Logarithm of the firſt. And 
if the ſaid Product be greater than the 
arithm of the firſt Term, begitining 


from Unity, then the Logarithms mu 
70 begin 
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begin from a Unit in ſome Place of Decimal 
Fractions, as from O P, and then the Loga. 
rithm of the Number Qn will be O Q. 
Now let LM repreſent any Money, or 
Sum of Money put out to Intereſt, ſo that 
the Intereſt thereof be accounted but at the 
End of every Year, and let K k be the Gain 
or Intereſt thereof at the End of the firſt Year, 
then will I K be the Sum of the Intereſt and 
Principal, And again, I K becoming the 
Principal at the End of the firſt Year, H b 
which is proportional to I K, or in a conſtant 
Ratio, will be the Gain at the end of the 
ſecond Year ; and ſo H G, at the End of the 
ſecond Year, will become the Principal; and 
at the end of the third Year Ff, proportio- 
nal to G H, will be the Gain. Now let us 
ſuppoſe the Principal be augmented every 
Year „ Part thereof, ſo that I KL M 
++ LM GH=IK T IK, EF 
GH e GH, and ſo on. And accordingly 
the Terms LM, I K, G H, E F, Ec. conti- 
nual Proportionals, it is required to find the 
Amountof the Money at the End of any Num- 
ber of Years. 

Let LM be a Farthing. Becauſe LM is 
to I K, as 1 to 1 + , or as 1 to 1. 05, as 
A B is to N R, then will N R 1. 05, whoſe 
Logarithm A N. is o. oz 11893, or more ac- 
curately o. 0211892991, it is required to find 
the Amount of a Farthing put out at com- 
pound Intereſt, at the End of 600 Years, mul. 


tiply AN by 600, and the Product will be 


12. 7135794, and to this Product add the Lo. 
garithm of the Fraction 545, via. 97. 0177288 


(for 


«4 mn N ous SK =>. ix wth Load dd + wat + © — 


£ 

i y | 1 
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(for a Farthing is % Part of a Pound) ane 
the Sum 109. 7313082 ſhall be the Loga. 
rithm of the Number ſought ; and ſince the 
Index 109 exceeds the Index of Unity by g, 
there ſhall be nine Places of Figures above 
Unity in the correſpondent Number, and that 
Number being ſought in the Tables, will be 
found greater than 5386500000, and leſs than 
5386600000, And therefore a Farthing put 
out at Intereſt upon Intereſt, at 5 per Cent. 
per Aunum, at the End of 600 Years will 
amount to above 8 Pounds; which 
Sum could hardly be made up by all the 
Gold and Silver that has been dug out of the 
Bowels of the Earth, from the beginning of 
the World to this Time. 

Let Qn expound any Sum of Money 
due to ſome Perſon at the End of a full 
Year, but without Intereſt. Now it is cer. 
tain, that if the Debtor ſhould pay down 
28 the whole Sum of Money, he would 
oſe the yearly Uſury or Intereſt that his 
Money would gain him; and ſo a leſſer 
Sum, being put out to Intereſt, will at the 
End of one Lear, together with the In. 
tereſt thereof, be equal to the Sum of Money 
Qn. Now this preſent Sum of Money, 
which together with the Intereſt thereof is 
equal to the Sum of Money Qn, is called the 

reſent Worth of the Money Qn. Let AN 

be the Logarithm of the Ratio, which the 
Principal has to the Sum of the Principal 
and Intereſt, that is, if the Principal be twenty 
times the yearly Intereſt, let A N be the Lo. 
garithm of the Number 1 ＋ or 1. 05, 
and take QI equal to AN; then will A Y 
"WA be 


W 
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be the Logarithm of the preſent Worth of 
Money Qn. For it is manifeſt, that the Mo- 
ney Y Z put out to Intereſt, will at the End 
of one Year amount to the Money Qn, and 
ſo to have the Logarithm of the preſent 
Worth thereof, or M Z, the Logarithm AN, 
muſt be taken from the Logarithm A Q, and 
there will remain the Logarithm A Y of 
the preſent Worth, or Y Z. But if the Sum 
nN be not due till the End of two Years, 
then the Logarithm 2 A N muſt be ſubtracted 
from the Logarithm A Q, and there will re- 
main A V, the Logarithm of the preſent 
Worth, or of the Sum that muſt be paid 
down preſent for the Money Qn due at the 
End of two Years. For it is manifeſt, that 
the Money VX being put out to Intereſt, 
will at the End of two Years amount to the 
Sum of Money Qn. By the ſame Reaſon, if 
the Sum Q n, be not due until the End of 
three Years, the Logarithm 3 A N muſt be 
ſubtracted from the Logarithm of Qn, and 
the Remainder A 8, ſhall be the Logarithm 
of the Number 8 T, or 8 T ſhall be the pre. 
ſent Worth of the Sum Qn due at the three 


Tears end. And univerſally, if the Loga- 


rithm A N be multiplied by the Number of 
'Years, at the End of which the Sum Qu is 
due, and the Number produced be taken from 
the Logarithm A Q, then will the Loga. 
rithm of the preſent Worth of the Sum Qn 
be had. And from hence it is manifeſt, if 
5386500000 Pounds be due to ſome Society 


at the End of 600 Years, then would the pre. - 


ſent Worth of that vaſt Sum of Money be 
ſcarcely a Farthing. If 


r „„ ft 4d +, dd 
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If the proportional Right Lines H G, 
EF, A B, C D, Fig. 4. are Ordinates to the 
Axis of the Logarithmical. Curve, and if their 
Ends F H, D B, be joined by Right Lines, 
which produced meet the Axis in the Points 


P and K, then the Right Lines GP, A K, 


will be always equal. For ſince GH: E E:: 
AB: CD. it will be as GH: FS:: AB: 
DR. But becauſe of the equiangular Tri- 
angles PG H, HsF, as alſo K A B, BR D, 
we have PG: Hs;: (GH: Fs:: AB: 
DR::) KA: BR. And ſince the Conſe. 
vents H s, B R, are equal, the Antecedents 

G, K A, ſhall be alſo equal. W. W.D. 
If the Right Lines CD, EF, equally accede 
to AB, GH, ſo that the Point D at laſt 
may coincide with B, and the Point F with 
H, then the Right Lines DBK, FHP, 
which did cut the Curve before, will be chan. 
ed into the Tangents BT, HV. And the 
Right Lines AT, G V, will be en, 105 
to each other, that is, the Portion vf the 
Axis AT, or G V, intercepted between the 
Ordinate and the Tangent, which is called 
the Subtangent, will eyery where be a con- 
ſtant and given Length. And this is one 
of the chief Properties of the Logarithmical 
Curve; for the different Species or Forms of 
thoſe Curves are determined by the Subtan- 
gents, | | 
The Logarithms or the Diſtances from 
Unity of the ſame Number, in two Loga- 
rithmical.Curves of different Species, will be 
proportional to the Subtangents of their 
Curves. For let HB D, S N, Fig. 4, 5. be 
Curves, 
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Curves, whoſe Subtangents are AT, MX, 
and let AB = MN = Unity; alſo D C= 
Q, then ſhall AC the Logarithm of the 
Number CD, in the Logarithmical-Curve 
H D be to M Q, the Logarithm of the Num- 
ber QY, (or of the ſaid C D,) in the Curve 
S Y, as the Subtangent A is to the Subtan- 
gent MX. For let there be ſuppoſed an 
infinite Number of mean proportional Terms 
between AB, C D, or N M. Q, in the Ratio 
of AB to 4b, or MN to mn; and ſince 
A B—M N, then will 4 n u, as alſo bc 
= o. And becauſe the Number of propor. 
tional Terms in each Figure are equal, they 
do divide the Lines A C, MQ, into equal 
Numbers of Parts, the firſt of which A 4, 
Mm, and ſo the faid Parts ſhall be propor- 
tional to their W holes, that is, it will be as 
Aa:Mm::AC:MQ. And becauſe the 
Triangles TAB, Bc b, are ſimilar, (for the 
Part of the Curve Bb nearly coincides with 
the Portion of the Tangent,) as alſo the 
Triangles R MN, Non, are ſimilar, we 
have Aa, or Be: be:: TAL AB. 

Alſo as no, or bc : No:: MN, or AB: 
MX 


be Bc: No:: TA: MX:: Au:Mm::AC: 
MQ; which was to be demonſtrated. If AT 
be call d a, fince AB: AT: : bc: Be, then 
gs 4 | 
N 

Hence, if the Logarithm of a Number 
extremely near Unity, or but a ſmall matter 
exceeding it, be given, then will the Subtan. 
gent 


Where (by Equality of Proportion) it will © 
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gent of the Logarithmical-Curve .be had. 
For the Exceſs bc is to the Logarithm Be, 
as Unity AB is to the Subtangent AT. Or 
even if there are any two Numbers nearly 
equal, their Difference ſhall be to the Differ- 
ence of their Logarithms, as one of the Num- 
bers is to the Subtangent. For Example; 
if the Increment bc be ,00000 00000 o0001 
02255 31945 60259, and Be or Aa the Lo. 
22 of the Number 40 be ,00000 00000 
000 44408 92098 50062. Now if a fourth 
Proportional be found to the ſaid two Num. 
bers and Unity, viz. 43429 44819 03251, 
this Number will give the Length of the 
Subtangent AT, which is the Subtangent of 
the Curve, expreſſing Brigg's Logarithms. 
If a Sum of Money be put out to Intereſt 
on this Condition, That a proportional Part 
of the yearly Rate of Intereſt thereof, be ac- 
counted every Moment of Time, viz. ſo, that 
at the End of the firſt Moment of Time, or 


indefinitely ſmall Particle of a Year, the Inte- 


reſt gotten thereby, be proportional to that 


Time; which being added to the Principal, 


again begets Intereſt at the End of the ſe. 
cond Moment of Time, and then- the Prin. 
cipal, and this Intereſt become a Principal, 
and fo on. It is requir'd to find the Amount 
of that Sum at the Year's End. Let à be 
nearly the Intereſt of Unity, or of one Pound. 
Then if one whole Year, or 1 gives the In. 
tereſt a, the indefinitely ſmall Particle of a 
Year Mm, will give the Intereſt Mm x 4; 

roportional to Mm; and accordingly, if 
Unity be expounded by MN, the firſt In- 
| | | crcment- 
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crement thereof ſhall be zo==M mxa. This 
being granted, let a Logarithmical- Curve be 
ſuppos'd to be deſcribed through the Points 
Nu, whoſe Axis is OM Q. Then in this 
Curve, if the Portion of the Axis MO ex. 
preſſes the Time, the ordinate Qy will re: 
preſent the Money proportionally increaſing 
every Moment, to that Time. For if there 
be taken m I. &c.—M m, the Ordinates / p, 
&c. ſhall be in a Series of continual Propor. 
tionals in the Ratio of MN to my, that is, 
they increaſe in the ſame Ratio, as the Mo. 
ney doth. 

Again, let the Right-Line NX touch the 

arithmical-Curve in N, and the Subtan. 

gent thereof M X, ſhall be conſtant and in- 
variable, and the ſmall Triangle Nox, ſhall 
be fimilar to the Triangle XMN. Bur it 
has been prov'd, that the Increment zo—M m. 
NK = No; and fo no: No:: Noxa: 
No:: 4: 1. But as 2 is to No, ſo ſhall 
NM be to MX. Wherefore it ſhall be as 
a is to 1, fo is NM, or 1, to 42 
= Subtangent. 

Now if the yearly Rate of Intereſt be 3 
part of the Principal, or if a= &=.05, 
then will MX —;=20. 


Becauſe in different Forms of Logarithms, 
the Logarithms of the ſame Number, are 
roportional to the Subtangents of ' their 
urves: If MO expreſſes the Time of a 
whole Year, or Unity, then ſhall Q be the 
Amount of the Money at the Year's End. 
And to find Q Y, ſay, as M X, or 20 is to 
04342944, (which Number ex pounds the 
| Subtan. 
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Subtangent of the Logarithmical- Curve, ex- 
preſſing Brigg's Logarithms) ſo is one Lear 
or Unity to a Briggian arithm, anſwer. 
ing to the Number Q Y. This Logarithm 
will be found o. 0217147, and the Number 
anſwering to the ſame is 1. 05 1272 , 
whoſe Increment above Unity, or the Prin- 
cipal, exceeds the yearly Intereſt ,05 but a 
ſmall matter. And ſo if the yearly Intereſt 
of 100 Pounds be 5 Pounds, the proportio- 
nal yearly Intereſt, which is added to the 
Principal 100, at the end of each Particle 
of the Year, will amount only at the Year's 
End to 5 Pounds, 2 Shillings and 6 = Pence. 

And if ſuch a Rate of Intereſt be requir'd, 
that every Moment a Part of it continually 
proportional to the increaſing Principal, be 
added to the Principal, ſo that at the Year's 
End, an Increment be produc'd, that ſhall be 
any given Part of the Principal, for Exam. 
ple, the =. Part, ſay, as the Logarithm of 
the Number 1.05 is to 1; that is, as 
o. 0211893 is to 1, ſo is the Subtangent 
0. 4342944 to 2 = 20. 49, and then will 
4 e = 0488. For if ſuch a Part of 
the Rate of Intereſt .0 488 be ſuppoſed as 
anſwers to a Moment, that is, having the 
ſame Ratio to .0488, as a Moment has to a 
Year, and it be made, as Unity is to that 
Part of the Rate of Intereſt, fo is the Prin- 
cipal to the Momentaneous-Increment there. 
of; then will the Money continually increa- 
fing in that manner, be augmented at the 
Year's-End the £; Part thereof. 
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e 


Of the Method by which My. 


Brigg's computed his Loga- 
rithms, and the Demonſtration 
thereof. 


RG Mr. Briggs has no I} 
— © where deſcrib'd the Logarithmi. {| 


is Calculations will appear. In any Loga- 
rithmical-Curve HB D, let there be three 
Ordinates A B, 46, q s, nearly equal to one 
another; that is, let their Differences have 
a very ſmall Ratio to the ſaid Ordinates; 
and then the Differences of their Logarithms 
will be proportional to the Differences of 
the Ordinates. For ſince the Ordinates are 
nearly equal to one another, they will be very {| 
nigh to each other, and ſo the Part of the 


Curve B 5, intercepted by them, will almoſt |] 
coincide with a ſtrait Line; for it is cer- 


tain, that the Ordinates may be ſo near to 
each other, that the Difference between the 
Part of the Curve, and the Right-Line ſub- 
tending it, may have to that Subtenſe, a 


Ratio leſs than any given Ratio. 3 
the 
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the Triangles Bcb, Br s, may be taken for 
Right-lin'd, and will be Equiangular. Where- 
fore, as 1: be:: Br: Bott A: A2; 
that is, the Exceſſes of the Ordinates, or 
Lines above the leaſt, ſhall be proportional 
to the Differences of their Logarithms. And 
from hence appears the Reaſon of the Cor. 
rection of Numbers and Logarithms, by Dif- 
ferences and proportional Parts. But if AB 


be Unity, the Logarithms of Numbers ſhall 


be proportional to the Differences of th 
Numbers. 
If a mean Proportional be found between 
1 and 10, or which is the ſame thing, if the 
Square. Root of 10 be extracted, this Root 
or Number will be in the middle Place be- 
tween Unity and the Number 10, and the 
Logarithm thereof ſhall be Z of the Loga- 
rithm of 10, and ſo will be given. If again, 
between the Number before found, and Uni. 
ty, there be found a mean Proportional, 
which may be done in extracting the Square. 
Root of the ſaid Number, this Number or 
Root will be twice nearer to Unity than the 
former, and its Logarithm will be one half 
of the Logarithm of that, or one fourth of 
the Logarithm of 10. And if in this Man- 
ner, the Square-Root be continually extract. 
ed, and the Logarithms bi ſected, you will at 
laſt get a Number, whoſe Diſtance from Uni- 
I 


ty, ſhall be leſs than the 1 00000 00000 00000 


art of the Logarithm of 10, And after 
Mr. Briggs had made 54 Extractions of the 


Square-Root, he found the Number 1.00000 
82 00000 
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00000 00000 12781 91493 2003 2 3442, and 
its Logarithm was 0, 00000 00000 00000,0555 1 
115123 125782702. Suppoſe this Logarithm 
to be equal to A or Br, and let 4 be the 
Number found, by extracting the Square- 
Root ; then will the Exceſs of this Number 
above Unity, viz. r 500000 00000 00000. 
12781 91493 20032 34. | 
Now by means of theſe Numbers, the Lo- 
arithms of all other Numbers. may be found 
n the following Manner : Between the given 
Number (whoſe Logarithm is to be found) 
and Unity, find ſo many mean Proportionals, 
(as above,) till at laſt a Number be gotten fo 
little exceeding Unity, that there be 15 Cy. 
phers next after it, and a like Number of 
ſignificant Figures after thoſe. Let this 
Number be 46, and let the ſignificant Fi. 
gures, with the Cyphers prefixed before them, 
denote the Difference 6 c. Then ſay, As the 
Difference r s, is to the Difference bc, ſo is 
Br a given Logarithm, to Bc, or A a, the 
Logarithm of the Number 4b; which there- 
fore is given. And if this Logarithm be 
continually doubled, the ſame Number of 
Times, as there were Extrattions of the. 
Square-Root, you will at laſt have the Lo- 
garithm of the Number ſought. Alſo by 
this Way, may the Subtangent of the Loga- 
rithmical-Curve be found, viz. in ſaying, As 
rs: Br:: AB, or Unity: AT, the Subtan. 
gent, which therefore will be found to be 
O. 43429 44819 03251 ; by which may be 
found the Logarithms of other Numbers ; 
to wit, if any Number N M be given after- 
go FO Y | wards, 


Wu — 2 fur 
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wards, as alſo its Logarithm, and the Loga: 


rithm of another Number ſufficiently near 


to N M be ſought, ſay, As NM is to the 
Subtangent X M, ſo is 20 the Difference of 
the Numbers to No the Difference of the Lo- 
garithms. Now, if NM be Unity=A B, 
the Logarithms will be had by multiplying 
the ſmall Differences bc by the conſtant Sub. 
tangent A. 

By this Way may be found the Loga- 
rithms of 2, 3, and 7, and by theſe the Lo- 
garithms of 4, 8, 16, 32, 64, Ec. 9, 27, 81, 
243, Kc. as alſo 7, 49, 343, c. And if 
from the Logarithm of 10, be taken the Lo- 
garithm of 2, there will remain the Loga- 
rithm of 5, ſo there will be given the Loga- 
rithms of 25, 125, 625, c. 

The Logarithms of Numbers compounded 
of the aforeſaid Numbers, viz. 6, 12, 14, 15, 
18, 20, 21, 24, 28, (fc. are eaſily had by 
adding together the Logarithms of the com. 
ponent Numbers. 

But ſince it was very tedious and labori- 
ous, to find the Logarithms of the Prime. 
Numbers, and not eaſy to compute Loga- 
rithms by Interpolation, by firſt, ſecond and 
third, ł c. Differences, therefore the great 
Men, Sir Iſaac Newton, Mercator, Gregory, 
Wallis, and laſtly, Dr. Haley, have publiſhed 
infinite converging Series, by which the Lo. 
garithms of Numbers to any Number of Pla- 


ces, may be had more expeditiouſly and truer : 


Concerning which Series, Dr. Haley has writ. 
ten a learned Tra, in the Philoſophical 


Tranſaſt ions, wherein he has demonſtrated 
55 thoſe 
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thoſe Series after a new Way, and ſhews how 
to compute the Logarithms by them. But 
I think it may be more proper here to add 
a new Series, by means of which may be 
found eaſily and expeditiouſly, the Loga- 
rithms of large Numbers. 

Let z be an odd Number, whoſe Loga- 
rithm is ſought ; then ſhall the Numbers 
Z—1 and EX 4 be even, and accordingly 
their Logarithms, and the Difference of the 
Logarithms will be had, which let be called ): 
Therefore, alſo the Logarithm of a Number, 
which is a Geometrical-Mean between Zz— 1 
and z +1 will be given, v:z. equal to the 
half Sum of the ä Now the Series 

＋— —— — + LE 
a7 TAY, 360z EI 252002 
ſhall be equal to the Logarithm of the Ra- 
tio, which the Geometrical-Mean between 
the Numbers 2— 1 and 2 ＋-1, has to the 
Arithmetical-Mean, viz. to the Number 2. 

If the Number exceeds 1000, the firſt Term 


of the Series — is ſufficient for producing 
the Logarithm to 13 or 14 Places of Figures, 
and the ſecond Term will give the Logarithm 
to 20 Places of Figures. But if 2 be great- 
er than 10000, the firſt Term will exhibit the 
Logarithm to 18 Places of Figures; and fo 
this Series is of great Uſe in filling up the 
Logarithms of the Chiliads omitted by 
Briggs. For Example; It is required to 
find the Logarithm of 20001. The Loga- 
rithm of 20000 is the ſame as the Logarithm 
of 2, with the Index 4 pretix'd to it; awe 

tne 


i.) 


ys) 
70 
| — 
1 


the Difference of the Logarithms of 20000 
and 20002, is the ſame as the Difference of 
the Logarithms of the Numbers 10000 and 
1000 f, vz. o. 00004 34272 7687. And if 
this Difference be divided by 42, or $0004, the 


Quotient Thal be . o. 00000 00005 42813 
_ 0 _ ee 4. 30105 17093 02416 
of the Geometrical. 4. ;0105 17098 45230 
Mean be added to the © 425 
Quotient, the Sum will be the Logarithm 
of 20001, Wherefore it is manifeſt, that to 
have the Logarithm to 14 Places of Figures, 
there is no Neceſſity of continuing out the 
Quotient beyond fix Places of Figures. Bur 
if you have a Mind to have the Logarithm 
to 10 Places of Figures only, as they are in 
Ulacg's Tables, the two firſt Figures of the 
Quotient are enough. And if the Loga- 
rithms of the Numbers above 20000, are to 
be found by this Way, the Labour of doing 
them, will moſtly conſiſt in ſetting down the 
Numbers. Note, This Series is eaſily dedu- 
ced from that found out by Dr. Haley ; and 
thoſe who have a mind to be inform'd more 
in this Matter, let them conſult his above- 
nam'd Treatiſe. 
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An Explanation of the uſual Algebraic 
Signs or Characters. 


ore, or to be added to | 
LLeſs, or to be ſubtracted from 
[Equal to 

Multiplied by 

a divided by b 


a is to b, ſo is c to d 


a: b:: c: q 


o© Degrees, Minutes, Seconds, T birds 
52". 44". 3 52 Seconds, 44 Thirds, 3 Fourths 


R. 


Radins, or Sine of go Degrees 
$zxe 


8. 


Cos. ine, or Sine of the Complement 

T. Tangent | 
Cot. tangent, or Tangent of the Complement. 
V. 8. erſed- Sine 

N Or Paare 

or y* [Square Root 

A*or B* Cube of A. or 4th Power of B. 


or [Cube Root, or Biguadrate Root (Euclid 
by 4. 6 |y the 4th Propoſition of the 6th Book of 
W. W. D. fwhich was to be demonſtrated or done 
N'. 8“. orth or South 
VT =: [Aries or Libra 
Cancer or Capricor 
Sun or Moon. 


